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Abstract 

In the framework of fractional stochastic calculus, we study the existence and the 
uniqueness of the solution for a backward stochastic differential equation, formally written 
as: 

-dY(t) = f(t, v (t),Y(t),Z(t))dt- Z(t)5B H (t), te[0,T], 

Y(T) = e, 

where rj is a stochastic process given by n(t) = n(0) + £a{s)SB H (s), t e [0,T], and B H 
is a fractional Brownian motion with Hurst parameter greater than 1/2. The stochastic 
integral used in above equation is the divergence type integral. Based on Hu and Peng's 
paper, BDSEs driven by fBm, SIAM J. Control Optim. (2009), we develop a rigorous 
approach for this equation. Moreover, we study the existence of the solution for the 
multivalued backward stochastic differential equation 

-dY(t) + dtp(Y(t))dtB f(t,r)(t),Y(t), Z{t))dt - Z{t)8B H (t) , te [0,T], 
Y(T) = e, 

where dtp is a multivalued operator of subdifferential type associated with the convex 
function ip. 
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1 Introduction 



General backward stochastic differential equations (BSDEs) driven by a Brownian motion 
were first studied by Pardoux and Peng in [TO], where they also gave a probabilistic inter- 
pretation for the viscosity solution of semilinear partial differential equations (PDEs). In 
1998 Pardoux and Ra§canu [TO] studied backward stochastic differential equations involving 
a subdifferential operator (which are often called backward stochastic variational inequalities, 
BSVIs), and they used them in order to generalize the Feymann-Kac type formula to repre- 
sent the solution of multivalued parabolic PDEs (also called parabolic variational inequalities, 
PVIs). Hu and Peng [TO] were the first to study nonlinear BSDEs governed by a fractional 
Brownian motion (fBm). Our work, based on [TO], has the objective to develop a rigorous 
approach for such BSDEs driven by a fBm and to extend the discussion to fractional BSVIs. 
Our paper is, to our best knowledge, the first one to study fractional BSVIs. 

Let us recall that, for H G (0, 1), a (one dimensional) fBm (B H (t))t>o with Hurst param- 
eter if is a continuous and centered Gaussian process with covariance 



For H = 1/2, the fBm is a standard Brownian motion. If if > 1/2, then B H (i) has a long- 
range dependence, which means that, for r(n) := cov(B H (1) , B H (n + 1) - B H (n)), we have 
Y^n=\ r { n ) = °°- Moreover, B H is self-similar, i.e., B H (at) has the same law as a H B H (t) 
for any a > 0. Since there are many models of physical phenomena and finance which exploit 
the self-similarity and the long-range dependence, fBms are a very useful tool to characterize 
such type of problems. 

However, since fBms are not semimartingales nor Markov processes when H ^ 1/2, 
we cannot use the classical theory of stochastic calculus to define the fractional stochastic 
integral. In essence, two different integration theories with respect to fractional Brownian 
motion have been defined and studied. The first one, originally due to Young [18j, concerns 
the pathwise (with a; as a parameter) Riemann-Stieltjes integral which exists if the integrand 
has Holder continuous paths of order a > 1 — H. But it turns out that this integral has the 
properties comparable to the Stratonovich integral, which leads to difficulties in applications. 

The second one concerns the divergence operator (or Skorohod integral), defined as the 
adjoint of the derivative operator in the framework of the Malliavin calculus. This approach 
was introduced by Decreusefond and Ustiinel [6j, and it was very intensely studied, e.g., in 
Alos and Nualart [3] for H > 1/2, and in Alos, Mazet and Nualart pQ for H < 1/2. 

An equivalent approach consists in defining, for H G (1/2,1), the stochastic integral 
based on Wick product (introduced by Duncan, Hu and Pasik-Duncan in [7]), as the limit 
of Riemann sums. We mention that, in contrast to the pathwise integral, the expectation of 
this integral is zero for a large class of integrands. 

Concerning the study of BSDEs in the fractional framework, the major problem is the 
absence of a martingale representation type theorem with respect to a fBm. For the first 
time, Hu and Peng [TO] overcome this problem, in the case H > 1/2. For this, they used 
the notion of quasi-conditional expectation E (introduced in Hu and Oksendal [9]). In our 
paper, we consider the BSDE 



E[B H (t)B H (s)] = \{t 2H + s 



,2H 



-\t- 




), t,s>0. 



{ 



-dY(t) = f(t, r)(t),Y{t), Z(t))dt - Z(t)5B H (i) , t G [0, T] 
Y(T) = g(n(T)), 



(1) 
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driven by a fBm B H and governed by the process r](t) = r](0) + f a(s)5B H (s), t E [0, T], 
where a : [0, T] — > M. is deterministic, continuous function. 

A special care has to be payed here to the stochastic integral in the BSDE ([!]). In [TDJ 
this stochastic integral is the Wick product one, but the Ito formula and the integration by 
part formula they used were established for the Ito-Skorohod type integral (see Definition 
6.11 [8] ). In our approach we use as stochastic integral the divergence operator. 

Concerning the coefficient a of the driving process r/, Hu and Peng [10] supposed that 

there exists cq > such that inf > Co, 

te[0,T] o-(i) 

for a(t) := ^(^{t — r)a(r)dr, t 6 [0, T]. Here in our manuscript we work without such a 
condition. Let us also mention that in [10], it is assumed that r)(t) = 77(0) + J" * b(s)ds + 
J * a(s)5B H (s), t 6 [0,T]. However, Proposition 4.5 [ID] is not proved for such kind of 77. 
Indeed, in their proof the authors use a quasi-conditional expectation formula 

^[/(T/(T))|7i] = P W 2_ w? /(»/(*)) ) 

which is only applicable for rj of the form r/(t) = 77(0) + L a(s)SB H (s), t G [0, T] (see Theorem 
3.8 pH]). That is why we adopt in our paper this latter form of 77. 

Based on the above described framework we make a rigorous approach to prove the 
existence and the uniqueness for BSDE ([I]). This approach includes, in particular, first a 
rigorous discussion of the equation 

Y(t)=g( V (T))+ C f(s,ri(s))ds- C Z(s)5B H \s), t € [0,T\. 
Jt Jt 

After, the existence for BSDE ([T|) is proved by using a fixed point theorem over an appropriate 
Banach space. Let us mention that in |10] the fixed point theorem was applied, but the 
obtained fixed point (Y, Z) was not checked to be a solution and in particular, the existence 
of the integral J t Z(s)SB H (s) was not discussed. 

Based on our results on BSDE driven by a fBm and on Pardoux and Ra§canu [16] on 
BSVI governed by a standard Brownian motion, we consider the following fractional BSVI 

J -dY(t) + d<p{Y(t))dt 3 f(t,i](t),Y(t),Z(t))dt - Z{t)5B H {t) , t e [0,T], 
\ Y(T)=g( V (T)), 

where dip is the subdifferential of a convex lower semicontinuous (l.s.c.) function (p : R — >• 
(—00, +00]. The existence of the solution will be proved. 

Now we give the outline of our paper: In Section 2 we recall some definitions and results 
about fractional stochastic integrals and the related Ito formula. We present the assumptions 
and some auxiliary results including the Ito formula w.r.t. the divergence type integral in 
Section 3. Section 4 is devoted to prove the existence and the uniqueness result for BSDE 
driven by a fBm. In Section 5, we study the existence for fractional BSVI governed by a 
fBm. Finally, in the Appendix, we prove a more general Ito formula based on Theorem 8 [3] 
and a auxiliary lemma. 
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2 Preliminaries: Fractional stochastic calculus 



In this section we shall recall some important definitions and results concerning the Malliavin 
calculus, the stochastic integral with respect to a fBm and Ito's formula. For a deeper 
discussion we refer the reader to [3J, [5], [TJ, [8] and [13]. 

Throughout our paper, we assume that the Hurst parameter H always satisfies H > 1/2. 
Define 

4>(x) = H(2H - l)\x\ 2H - 2 , 
Let us denote by \7i\ the Banach space of measurable functions / : [0,T] — >~R such that 



2 

\H\ 



T r T 

4>(u — v )\f(u)\ \f(v )\dudv < +oo. 



Jo 



Given £,7/ G \T~l\ , we put 

<£, Vh = [ T [ T <P{u - v)£ (u) V (v) dudv and := (£, £> r . (2) 

JO JO 

Then (£ , 7/)*r is a Hilbert scalar product. Let % be the completion of the space of step functions 
in \H\ under this scalar product. We emphasize that the elements of H can be distributions. 
Moreover, from [11] we have the continuous embedding L 2 ([0,T]) C L"h([0, T]) C |%| C T~L. 
Let Vt denote the set of elementary random variables of the form 

F = f(£ Ut)dB H (t) Ut)dB H (t)\ , 

where / is a polynomial function of n variables and £i, £2; • • • > £n £ H- The Malliavin deriva- 
tive D H of an elementary variable F G Vt is defined by 

^ i? = E^(/ Ut)dB H {t),...^ Ut)dB H (t)jUs), se[0,T]. 

We denote by Bi^ the Banach space defined as the completion of Vt w.r.t. the following 
norm 

||F||i, 2 = [E(|F| 2 ) + E(||DfF||^)] 1/2 , FeV T . 

Hence, Bi^ consists of all F G L 2 (Q,F, P) such that there exists a sequence F n G 7-V ; w > 1, 
which satisfies 

F n ^Fin L 2 (ft,F,P), 

(D H F n ) n>l is convergent in L 2 (ft, J 7 , P; U). 

Moreover, from Proposition 1.2.1 [13] we have that D H = [Dg ) se r 0T i is a closable operator 
from L 2 (ft,F,P) to L 2 ($7, J 7 , P; "H). Thus, Z^F = lim D H G n in L 2 {Q,F, P;U), for every 

n— >oo 

sequence G n G Ptj w > 1, which satisfies 

G n -^Fin L 2 (ft,F,P), 

{D H G n ) n>1 is convergent in L 2 (n,F,P;U). 
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Let us introduce also another derivative 

(-T 



D?F= [ (f)(t-v)D*Fdv, f e[0,T]. 
Jo 



(3) 



We also need the adjoint operator of the derivative D H . This operator is called divergence 
operator, it is denoted by <5(-) and represents the divergence type integral with respect to a 
fBm (see, e.g., [5J for more details). 

Definition 1 We say that a process u £ L 2 (f2, F, P; H) belongs to the domain Dom(5), if 
there exists 5{u) £ L 2 (Q,F, P), such that the following duality relationship is satisfied 

E(F5(u)) = E({D H F, u) T ), for all F £ V T - (4) 

Remark 2 In Q), the class Vt can be replaced by Bi^ (see |5j/ Definition 2.2.2 and 2.2.3). 
If u £ Dom{5), 5{u) is unique, and we define the divergence type integral of u £ Dom{5) 
w.r.t. fBm B H by putting f u(s)5B H (s) := 5(u). 

Let us recall a result about a sufficient condition for the existence of the divergence type 
integral. For this we use the Ito-Skorohod type stochastic integral introduced in Definition 
6.11 [8], which is defined in the spirit of the anticipative Skorohod integral w.r.t. Brownian 
motion in |14j). 

Theorem 3 [Proposition 6.25, JEj] We denote by h]f the space of all stochastic processes 
u : F, P) — > H such that 



E 



\ u \\t + 



u (t) \ 2 dsdt J < oo. 



(5) 



If u £ lJ^ 2 ; then the Ito-Skorohod type stochastic integral Jq u (s) dB H (s) defined by Propo- 
sition 6.11 J2|/ exists and coincides with the divergence type integral (see Theorem 6.23 f^j). 
Moreover, 









E 


[ u(s)dB H (s) 


= 0, 


< 


Jo 


2 


E 


[ u{s)dB H (s) 


= E 


< 


Jo 





\ u \\t + 



"'O 



^u(t)B^u(s)dsdt 



Let us finish this section by giving an Ito formula for the divergence type integral. Due 
to Theorem 8 [3], the following Ito formula holds. 

Theorem 4 Let be a function of class C 2 (R). Assume that the process (wt)te[o,T] belongs 
to B^d'Wl) and that the integral Xt = Jq u s 5B h \s) is almost surely continuous. Assume 



that (E| 



2\l/2 



belong to %. Then, for each t £ [0,T], the following formula holds 

d 



il>(X t ) = V(0) + / —i;(X s )u s 5B H (s) 



+H(2H-1) [ 
Jo 

+H(2H-1) [ 
Jo 



dx 2 
dx 2 



ip(X s )u t 



\2H-2 



ug\s 



D r u e 5B H (6)dr ) ds 

2H - 2 de\ ds. 
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Remark 5 The above theorem can be generalized, see Theorem 34 in the Appendix. In 
particular, Corollary [56] tells us: 

Let f : [0, T] — > R and g : [0, T] — ¥ M be deterministic continuous functions. If 

X t = X + f g s ds + f f s SB H (s), i€ [0,T], 
Jo Jo 

and tp G C 1,2 ([0,T] x R), we have 



(6) 



ip(t,X t ) =lC(0,X ) + j-^s,X,)is + J ^tP(s,X,)dX, 

3 Assumptions and auxiliary results 

3.1 Assumptions 

Let us consider the Ito-type process 

ri(jt) = T)(p)+ f a(s)5B H (s) , t £ [Q,T], (7) 
Jo 

where the coefficients n(0) and a satisfy: 
(Hi) 7/(0) G 1R is a given constant; 

(#2) o : M — > R is a deterministic continuous function such that o~(t) 7^ 0, for all t G [0, T]. 
Let 

a(t):= I (j)(t - r)a(r)dr, te[0,T]. (8) 
Jo 

We recall that (see ©) 

\\a\\ 2 = H(2H-l) f f 
Jo Jo 

Remark 6 The function a defined by (Ejj can be written in the following form: 

a(t) = H{2H - l)t 2H - 1 [ (1 - u) 2H ~ 2 a (tu) du, t G [0, T]. 

Jo 

Moreover, we observe that \\cr\\ 2 is continuously differentiable with respect to t, and 

(a) ^(\\a\\ 2 )=2a(t)a(t)>0,te(0,T], 

(b) for a suitable constant M > 0, — t 2H ~ x < < Mt 2U ~ x , t G [0, 71 . 



-t i-t 

\u — v\ 2H ~ 2 a (u) a (v) dudv. 



(9) 



Our objective is to study the following BSDE driven by the fBm B and the above 
introduced stochastic process r\: 

-dY(t) = f(t, V (t), Y(t), Z(t))dt - Z(t)5B H (t),te [0, T], 

y(t) = e. 

Here the stochastic integral is understood as the divergence operator. We make the following 
assumptions on the function / and the terminal condition £: 

(H 3 ) The function / : [0, T] x R 3 — > R belongs to the space C°;J ([0,T] x R 3 )*, and there 
exists a constant L such that, for all t G [0, T], x, yi, t/2> zi, z% £ ^) 

|/(t, ac,yi,^i) - f(t,x,y 2 ,z 2 )\ < L(|yi - y 2 \ + ki - ^|)- 
{H4) £ = g(rjr), where g : R — > R is a differentiable function with polynomial growth. 

Before giving the definition of the solution for the above BSDE and investigating its 
wellposedness (see Section 4), we introduce the following space 

Vt := {y = H-M-)) ■ 4> G C^([0,T] x R) with ^ G C° po )([0,T] x R)| 

as well as its completion under the following a-norm 

/ r T \ 1/2 / r T \ 1/2 

||y|| a= M t 2a_1 E|F (t) \ 2 dt\ = (J * 2a - 1 E|0(t,T7(*))| 2 rftJ , (10) 

where a > 1/2. Let us study some auxiliary results concerning these spaces. 

Remark 7 We should mention that in Hu and Peng's paper 1 10], the space Vt was defined 
as {Y = (/)(-, rj(-)) : <ft G C 1,2 ([0, T] x R)}. However, for the sake of mathematical rigor, we 
have to restrict their space to that defined above (See the proofs of Lemma 4-2 and Proposition 
4.3 in TTUj). 

3.2 An Ito formula 

We begin with the following result concerning the space Vt- 

1 2 

Lemma 8 We have Vt C C Dom{5). 

Proof. Let u G Vt- In order to show ([5]), we first prove that E\\u\\ T < 00. From L 2 ([0,T]) C 

% we see that it is sufficient to show that E / \u(s, r/(s))| 2 ds < 00, where the latter property 

Jo 

can be deduced from E\u(s,r](s))\ 2 < C, s G [0,T], for some suitable C G R. Indeed, since 
u G Vt, we have, for some C > 0, k > 1, 

E|u(s,77(s))| 2 <CE(l + |r ? (s)|+... + |r ? (s)| fc ), sG [0,T]. 

*CM([0,T] x R m ) is the space of all C M -functions over [0, T] x R m , which together with their derivatives, 
are of polynomial growth. 
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On the other hand, from ([7]) and Theorem 7.10 [8], we see that for any p > 1, there exists 



C p > such that 



E\r]{s)\ p <CE 1 



J\{v)5B H {v) P \ <C p + C p \\<r\\ P J 2 - (11) 



Hence 2£||ii||y < oo. 



In a second step, we show that ~D^u(t,rj(t)) exists for all s,t G [0, T] and 

yT yT 

E / / |Bfn(t,??(t))| 2 ds^ < oo. (12) 
io io 



'0 Jo 

In fact, a straight- forward computation shows that 

Bfu(t, V (t)) = ^ u (^v(t))J o <t>{s-v)a{v)dv. 

From the polynomial growth of — and the continuity of <7, we conclude 

ox 

E\Bfu(t,r](t))\ 2 <C, a,te[0,T\, 

for a suitable C G M, which yields (fT2]l . Consequently, the process u satisfies ([5]) and belongs 
to m 

Let us give now a statement for the Ito formula in the framework of the divergence type 
integral, which is for our purposes better adapted than Theorem 4.5 [7]. We mention that 
the formula in the following theorem is a particular case of our generalized Ito formula (I67p 
(see Theorem 1341 in the Appendix), but here we use a different approach. 

Theorem 9 Let u G V T and f G C° po )([0,T] x R). We put f s = f(s,rj(s)), s G [0,T]. Then 
for the ltd process 



X t =X + [ f s ds+ [ u s 5B H (s), te[0,T], 
Jo Jo 



wc have 

(i) uXI m e Dom{5), te[0,T], 

(ii) X s eDi, 2 , 8 G [0,T], 

(Hi) (Dfl s ) se[0ir] Gl 2 ([0,T]xfi) 

and 

Xl = Xl + 2 I XJ s ds + 2 I X s u s 5B H (s) + 2 I u s O^X s ds, a.s. t G [0, T). 
Jo Jo Jo 

Before proving this theorem, we give the following lemma. 

Lemma 10 Let u G Vt and X t = J u s 5B H (s), t G [0,T]. Then uXI[ 0>t] G Dom(5), 
t G [0,T], (BfX s ) s£[Q)T] G L 2 ([0,T] x 0°), and 

X? = 2 [ X s u s 5B H (s) + 2 I u s B^X s ds, t G [0,T]. 
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Proof. Let F G Vt- Then, since obviously XfF G B12; we have from Definition Q] 



E[X?F] =E[X t (X t F)]=E 



T 



J m{s) 5B H (s)(X t F) 



E 



u s I m{s) B?(X t F)ds 



IE ( / u s B*Fds ) X t 



+ E 



u s B^X t ds ) F 



12 12 

Here we have used X G and, hence also XF G . In particular, we observe that 
OfX t = / <p(s - r)u r dr + / Bfu r 5 J B^(s), s,tG[0,T]. 

Moreover, since / u s B>^Fds G Bi^, we get again from Definition [1] 
Jo 

Jo 



(13) 



u s Bf Fds X t 



u s BfFds) I u,5B H (s) 



E 



/'/'« 

Jo Jo 



F) u r drds 



On the other hand, using ()13j) it follows 



E 



JO 



X t ds F 



E 



t pt 



(s — r)u s u T dsdr ■ F 



o Jo 



+ / E 



Df (u s F)B*u r dr 



ds. 



E [X t 2 F] = E (J u s B^Fdsj X t +E (J u s Bf X t ds\ F 



Therefore, by combining the above relations we obtain 

+ E 

-E 



E 



t r t 



r M>? 



uo jo 



F) u r drds 



t ft 



(s — r)u s u r dsdr ■ F 



o Jo 



+E 



t r t 



u s F)Bf u r drds 



o Jo 



By noticing that the right-hand side of the above equality is symmetric in (s, r) we deduce 



E [XfF] = 2E 



t r s 



Df (ugDfF) u r drds 



JO 



+ 2E 


[I 







(s — r)u s u T dsdr ■ F 



+2E 

:= 2/i +2/2 + 2/3. 



t r s 



u s F)B^u r drds 



Jo 



(14) 



Let us begin with the evaluation of I\. Obviously, by using that n/[ 0jS ] G h]f C Dom(5) and 
u s B^ F G Bi 2, we have from Fubini's Theorem and Definition Q] 



h = E 



E 



t r s 



(u. nH 



JO 
T 



-F) u r drds 



u r I [0tS]{r) 5B H (r)u s B?F 



E 



ds = E 



{u s BfF) u r I [0>s](r) dr 



ds 



u s X s O^Fds 



(15) 



On the other hand, since also B>fuL 0jS i G C Dom{5) and u s F 6 Bi,2, s G [0, t], we obtain 
again from Fubini's Theorem as well as Definition [T] that 



E 



f [ B>^(u s F)Bfu r drds 
Jo Jo 

= [e I n^u r SB H (r)u s - F 
Jo Uo 

Thus, due to (O) 



t 

E 

'o 
= E 



j (J nfu^j 5B H {r)u s ■ Fds 



I 2 + h = E 



(s — r)ucii r dsdr ■ F 



o Jo 



+ E 



u s F)B^u r drds 



o Jo 



E 



u s I / (j)(s — r)u r dr + 
o \Jo Jo 



Dfu r 5B H (r) )ds-F 



E 



F I u s n^X s ds 
o 



(16) 



Consequently, from (fTl|) - (fT6j) . 



E 



2^ u s X s I m (spu Fds = E ^X 2 - 2^ u s Bf X s ds^ F 



for all F G 7>t- (17) 



On the other hand, from Theorem 7.10 [5] and the fact that u £ Vt, it follows that there 
exists C > such that 



E( / u s <5£ H (s)| < CE||u||f, + CTE 



T f-T \ 2 

|Mf u s \ 2 dsdt 

o Jo 



< 



CK (J \u s \ 2 ds^j + CE^ jf |Of u s | 4 <iscft < C, for all f G [0,T], 



as well as 



u r )| 2 drdi 



E ^ Df u r 5B H (r)^ < CE\\Bf u\\^ + Ce(J^ J |D| 

< C + CE / / luasrCr^Cr))! 4 ^ < C, for all t G [0,T]. 
Jo io 

Taking into account the definition of the process X, we deduce from the above two estimates 
and Theorem [3] that 

uX G L 2 (n,F,P;H) and X 2 - 2 / u s BfX s <is G L 2 {n,F,P). 

Jo 

Therefore, from ()17|) and Definition Q] it follows that uXJr ^i G Dom(5) and 

2 / u s X s 5B H (s) = X? -2 [ u s B^X s ds. 
Jo Jo 
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Proof of Theorem [9], Let 

Y t := [ u s 5B H (s) and Z t := X + [ f s ds, t £ [0,T]. 
Jo Jo 

From the previous lemma we know that uYI^^ £ Dom(5), for all t £ [0, T], and 

Y t 2 = 2 [ u s Y s 5B H (s) + 2 f u s B^Y s ds, t £ [0,T]. 
Jo jo 

On the other hand, it is obvious that Z t 2 = Xg + 2 / f s Z s ds, t £ [0, T]. Moreover, we assert 

Jo 

that uZI^j] £ Dom(5), for all £ £ [0,T], and 

y t Z t = / u s £ s £B H (s) + / /,y s (is+ / u s BfZ s ds, i£ [0,T]. 
JO JO JO 

Indeed, since Z t F £ Di >2 and Of (Z t F) = Of (Z S F) + ^ Df (f r F)dr, s £ [0,t], we have 

' £u s I m (s)5B H (s)^ Z t F = 



E [y t Z t F] = E 



7o 



E 



E 



E 



u s Bf (Z s F)ds 



u s BfZ s ds ■ F 



[ u.B? 
Jo 



Z„ds ■ F 



+ E 


[L 






+ E 








+ E 









f fu s nf(f r F)drds 

Jo J s 



u s Z s BfFds 



u s Z s BfFds 



+ / E 
'o 



+ E 



u s B*(f r F)ds 



dr 



Y r f r Fdr 



Therefore, 



E 



J u s Z s I m (s)B*Fds =E [Y t Zt- f u a 3?Z a ds- J^Y r f r drj F 



F £ T T , 



and since uZI [0)t] £ L 2 (fl, F, P;H) as well as Y t Z t - [ u s B^Z s ds- [ Y s f s ds £ L 2 {n,F,P), 

Jo Jo 
we conclude from Definition Q] that uZI[ t j £ Dom(5) and 

f u s Z s 5B H {s) = Y t Z t - [ u s B?Z s ds - [ Y s f s ds. 
Jo Jo Jo 

Consequently, using the above notation as well as the linearity of Dom(5), we have Xt = 
Y t + Zt, uXLqa £ Dom(5) and 

X 2 = Y 2 + TYtZt + Z 2 

= X 2 + 2 [ X s f s ds + 2 [ X s u s 5B H (s) + 2 [ u s B^X s ds, t £ [0,T]. 
Jo JO JO 



Emphasizing that the Ito-Skorohod integral and the divergence type integral coincide for 



all u £ E^ 2 . Then from Hu and Peng Lemma 4.2 [10] the following lemma holds true: 
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Lemma 11 Let a,b £ C°;]([0,T] x R). If 
r-t ft 



/ b(s,rj(s))ds 
Jo 



is + / a(s, rj(s))8B H (s) = 0, for all t £ [0, T], 

Jo 

then 



o 



b(s,x) = a(s,x) = 0, for all t £ [0,T], x £ R. 
3.3 Quasi-conditional expectation 

In this subsection, we recall the quasi-conditional expectation which was introduced by Hu 
and 0ksendal [9]. 

For any n > 1, we introduce the set of all real symmetric Borel functions f n of n 
variables such that 

„ n 

||/n||«®« := / TT^( Si ~~ r i)fn{s\, ■ ■ ■ ,s n )fn(n, ■ ■ ■ ,r n )dsi . . . ds n dri ...dr n <oo. 



i=l 



Then one can define the iterated integral (see [3 [HJ |9] ) 

In(fn)=n\ [ f n (t 1 ,...,t n )dB H (t 1 )---dB H (t n ). 

in the sense of Ito-Skorohod. For n = and / = /o be a constant we set Io(/o) = /o and 
||/o||^®o = /o- 

We recall the following theorem, see Theorem 3.9.9 [5] or [7j (Theorem 6.9) or [S] (Theorem 
3.22). 

Theorem 12 Let F £ L 2 (n,F,P). Then there exists f n £ U® n ,n > 1 such that 

oo 
n=0 

Moreover, 

oo 

E|F| 2 = Y, n] Wfn\\H^ <oo. 

n=0 

The convergence in this chaos expansion of F is understood in the sense of L 2 (fi, F, P). 
Definition 13 If F £ L 2 (tl,F, P), then the quasi- conditional expectation is defined as 

oo 

E[F\T t ]=J2WnI^), t£[0,T], (18) 

n=0 

where 

^[0,t] (*!'•••' *«) = ^[0,t] (*l) " " " ^[0,i] 

Remark 14 Observe that HT8\) converges in L 2 (fl,F, P) and E E[F\Ft]\F s = E[F\F S ], for 
0<s<t<T. 
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Lemma 15 (Lemma 3.3 [10]) For all f £ L^ 2 and all t £ [0,T], P-a.s. 



E 



f(u)6B H (u) 



0. 



The following lemma is inspired by Theorem 3.9 [TQj. 

Lemma 16 Let F = f{rj(T)), where f : R — > R is a continuous function of polynomial 
growth. Then F G L 2 (Q,,T, P) and 



E 



E[F\F t ] =EF, te [0,T]. 



Proof. First, from the polynomial growth of / and 



E\r](T)\ p < ME ^1 + 
we obtain F G L 2 (n, F, P). 



T 



a(v)dB H (v) 



<C P + C p \\a\\ p T /2 <M p ,p> 1, 



We now put pt{x) 



1 



e—x, t £ (0,T],x £ R, and 

p tf{x) = / Pt{x - y)f(y)dy. 
Jm. 

d_ 

dt 



1 d 2 

Applying © to P|| (J ||2,_|| CT ||2/(r?(t)) and noticing that —P t f(x) = 2Q^2 Pt ^ x ^ we have 



and, hence 



f( V (T)) = P M ^ hr J( V (t)) + J ^ H 2_ Mi ms))a(8)SB B {s), (19) 

(20) 



E/(7 ? (T))=E{p |H| 2_ |W|? /(r ? (i))}. 
On the other hand, from the proof of Theorem 3.8 |1U] . it follows that 

E[F\? t ] = P\ H >-\\„\\* f(v(t)). (21) 

For the reader's convenience, we give a justification for (|2ip here. By taking t = in (|19p 
we obtain 

f( V (T)) = p hr jm) + [§^P\W\\l „ lWE f(v(s))a(s)5B"( S ). 
Thus, due to Lemma [T5l and Remark 4.10 [9], 

E [F\T t ] = P M 2 T f(v(0)) + J ^P| k ||3 „ M2 J( V (s))a(s)5B H (s). 
On the other hand, by applying ([6]) to P^2_^2 f (r](s)) over time interval [0,t], we get 

f( V (t)) = P w? /fa(0)) + ^P| k | |? _| k | |? /(r ? ( S )) ( 7( s )«5P^( s ). 
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Thus, from semigroup property 

P M 2_ Mi f(x) = P| W | | _|| (J ||2P| |CT || f _| k || ? /(x), < a < t < T 

and 

d d 

fa P h\&-\M*A x ) = P IMI§HMI? ^Mlf-IMIj/fr)' 

it follows that 

E[F\F t ]=P M 2 T _ M 2f{r 1 {t)). 
Consequently, from (f20j) and (f2Tj) . we have 

E{£[F|^]} =e{p W 2_ w? /(#))} =EF. 
4 BSDEs driven by B H 

The objective of this section is to study the BSDE 

f -dY(t) = f(t,r ] (t),Y(t),Z(t))dt-Z(t)5B H (t), te[0,T], 

{ y(t) = e 

We now give the definition of the solution for the above BSDE. 



(22) 



Definition 17 A pair (Y, Z) is called a solution of BSDE \22\i . if the following conditions 
are satisfied: 



(ai) Ye Vt' and Z 6 Vf (Recall {TO}); 



;l/2 
T 

(a 2 ) y(t) = e + f f(s,ri(s),Y(s),Z(s))ds- J* Z(s)5B H (s), t € (0,T\, a.s. 
Let us begin by discussing the existence of a solution for BSDE 



4.1 Existence 

We begin with considering the following equation: 

Y(t) = £ + J 2 f (s, ri(s), X (s, r,(s)),^(s, r,(s))) ds - £ Z(s)5B H (s), t G [0, T], (23) 

where x, ip € C£J ([0, T] x R) with ^ £ C*£([0, T]xK). Observe that fl23]) is a special 



case of BSDE (j22|). 

We mention that in Proposition 4.5 |10| . the existence problem of a solution for an equa- 
tion of type (j23j) was not considered. Therefore we shall give the following proposition in a 
rigorous manner: 
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Proposition 18 Under the assumptions [H\)-{Hi), BSDE A23\) has a unique solution (Y, Z) G 
Vt x Vt °f the form 

(i) Y(t)=u(t,r,(t)), Z(t) = v(t,7 1 (t)), 

d 

(ii) v(t,x) = o~{t)—u{t,x). 

where u,v G C$([0,T\ x M) with G C^([0,T] x M). 

Before giving the proof, we show the following auxiliary result: 

Lemma 19 Assume that f G C°;}([0,T] x R) and put / s = f(s,r)(s)), s G [0,T]. T/ien 



/ / s ds|Ji =/ E[/ a 7i]ds, P-a.s., t G [0,T]. 
_ Jt 



Proof. Since / G C°;}([0,T] x R), we know that f s G L 2 (Q,.F,P), for all s G [0,T]. From 

oo 

Theorem [12] there exist / n , s G ?i® n , n > such that / s = £ I n (/n, s ), with I (/ , s ) = E/ s . 

n=0 

Recall that the series converges in L 2 (f2,P, P). From the proof of Theorem 3.9.9 [5] we 
deduce that / n;S is measurable w.r.t. s, for n > 0. Similarly, for g ■= f s ds G L 2 ($7,P, P) 

oo 

there exist g n G %® n , n > 0, such that, g = Yl In(9n) with Io(go) = Eg. Let us show that 



we can choose g n 



T 



n=0 



E 



N 



^ ] Pt(/n,s 



n=0 



f n ,sds, n > 0. For this we observe that 



„T iv /-T 00 pT 

ds = E ^2\I n (fn,s)\ 2 ds<K ^2\I n (fn,s)\ 2 ds = E \f s \ 2 ds <oo 

n=0 n=0 



and hence I n {fn,s) is square integrable w.r.t. s. 

Now, for arbitrary F G L 2 (f2,P, P) with the chaos expansion P = ^ I n (h n ), we have 
from Fubini's Theorem 



n=0 



E[P- I n (g n )} = E[I n {h n )-I n (g n 



E 



E [I n {h n ) ■ fs] ds 



= Ce [I n (h n ) ■ I n (f n , s )\ ds = [ T E [F ■ I n (fn,s)} ds = E \f ■ C I n (f n , s )ds 
Jt Jt l Jt 

f T 

It follows that I n (g n ) = / I n (fn,s)ds, n > 0, and the stochastic Fubini Theorem (see 
Theorem 1.13.1 [H]) yields I n (g n ) = J In{fn,s)ds = I n (J f n , s ds^j . Thus, we can indeed 

choose 9n = £ fn, s ds, n > and I^g n = I ]&t]J i fn,sds. Consequently, we have 

N T N T 

Jim J^U fn,sds)= lim V/ n ( 5n ) = 5 = / f s ds, in L 2 (ft,P, P). (24) 

n=0 ,yt n=0 Jt 
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Now we are going to show that E 



[ f s ds\T t ] = I E [f s \F t ] ds. In fact 
Jt ] Jt 



E 



fsdslTt 



E 



oo 

£ In{gn)\Ft 
n=0 



£ In(lT t] I fn,sds) = £ I n ( I lZfn,sds) = £ / I n (I^.f n , a )ds, 



oo 



n=0 



L [o,t) 



n=0 

oo 



n=0 



[0,*]' 



n=0 



l [0,t]. 



where, for the later equality in the above equation, we have used the stochastic Fubini The- 
orem. Similar to (|24p . we also obtain 



oo „t oo 

/ Ul^fnjds = / £l n (lg/ n , s )d S , P 
n=(T* n=0 



a.s. 



and the right hand side of above equation is nothing else but J E [f s \^t] ds, which completes 

our proof. ■ 

After the above auxiliary result we can now prove our Proposition 1181 

Proof of Proposition I18L Using similar arguments to those of the proof of Lemma El we 
get 



g( V (T)) + / f(s, V (s),x(s,v(s)),Hs,v(s)))ds G L 2 (n,T,P). 



Thus, 



M(t) = E 



d(v(T))+ / f{s,v( s ),x{s,ri(s)),tp(s,ri(s)))ds\j r t 
Jo 



,te[0,T}. 



Obviously, E[M{t)\F s ] = M(s), < s < t < T (see RemarkCH]). Using (HQ and LemmaCE 
we obtain 

M(t) = P M 2_ M 2g(ri(t)) + / P M? ^ M 2f(u, V (t), X (u,v(t))^(u,vmdu 



+ / f(u,v(u),x(u,v(u)),^(u,r](u)))du. 
Jo 

Recall the definition of the Malliavin derivative, it follows that that if F G Di 2 is J-j- 
measurable, then D^F = 0, ds-a.e. on [t,T]. Therefore, for s G [0,t] 

DfM (t) = a s P M 2 T _ M 2g'( V (t)) + a s J^ P Ml _ M fg(u, r,(t))du + a s J^ g(u, V (u))du (25) 



where 



d d 
g{u,x) = —f{u,x,x(u,x),ip(u,x)) + —f(u,x,x(u,x),tp(u,x))Xx{u,x) 

d 

+-z-f(u, x, x{u, x),ip{u, x))ip x (u, x). 
oz 
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Moreover, (|21j) and the semigroup property of P UjV yields 
E[DfM{t)\T s ] = a s P M , T _ w? P |W|fH|(j||2 </(77( S )) 

+Gs L P IMI£HMIt P HHMIS0( u ' v ^ du + Gs j s P IMIS-IMI^( n > ^(^))^ 
= a » P \W\^.-M^{vW) +cr s f P|| ff ||2 _|| CT ||25(n, r)(s))du. 

J s 

Now, we are going to prove that E\M(t)\ 2 < oo. Indeed, 



(26) 



E|M(t)| 2 < 3E E[g( V (T))\F t ) 



+ 3E 



E 



T 



+3E 



f(s,v(s),x(s,v(s)),^(s,r](s)))ds\j r t 

2 



f{s, v(s),x(s, v(s)),ip(s, v(s)))ds 



and, similarly to Theorem 3.9 |10j . we obtain 



E 



E[g( V {T))\F t ] <n 9 {ri(T))t 



On the other hand, from Lemma [T9"l we have 



E 



E 



<T I E 



(is 



f(s, v(s),x(s, rj(s)),t/j(s, rj(s)))ds\T t 

E [f(s,i](s),x(s,v(s)),ip(s,v(s)))\j r t] ds 

E [f(s, ri(s),x{s, r)(s)),4>{s, r?(s)))| T t 

<Tj K\f(s,f ] (s), X (s,v(s))^(s,v(s)))\ 2 ds. 
Consequently, E|M(i)| 2 < oo. Then by using fractional Clark formula (see [8] and [9]) we get 

(27) 



M(t) = EM(t)+ / E[D^M(t)\T s ]5B H (s). 
Jo 

From Lemmas 1161 and 1191 we have E 

{%(r/(T))|.F t ]} =Eg(r J (T)) and 



E <! E 

r-T 



f{s, V(s),x(s, r](s)),ip(s, rj(s)))ds\T t 



E { E [f(s, V (s),x(s, T](s)),rP(s, 77(a))) | Ft] } ds 



T 



E / f(s,rj(s),x(s,v(s)),ip(s,v(s)))ds. 
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Consequently, 

E [e[M{T)\ T t }} = E {%fa(T))|.F t ]} + E / /(a, r?( S ), X (a, »?(*)), ^(a, 



(28) 



/(«, V(s), x(s, r/(s)),ip(s, rj(s)))ds\ T x 

I Ut 

= Eg{rj(T)) + E f f(s, V (s),x(s, »/(«)), = EM(T). 

JO 

On the other hand, from (|2ip and (|25p we obtain 

^[ J DfM(T)|^] = C T s P| |(J |^_ |W |2<7 , (r / ( S ))+ C T s /%| H |2 HW |2Ku,77(s))^, P-a.s., s€[0,T]. 

is 



Then the comparison with (J26J) yields 

E[D?M(t)\T a ] = E[DfM(T)\F s ), P - a.s., s G [0,i]. (29) 
We deduce from (12TD. (1251 and (12511 that 



M(t) = EM(T) + [ E[D^M{T)\F s ]5B H {s). 
Jo 



Let us now introduce the process Z{s) = E\DfM(T)\F s ], s e [0,T]. Similarly as Proposition 
4.5 [lOj . using the property of the operator P^p -|| CT |p, we can prove that Z G Vt- Moreover, 
in virtue of the latter relation we have 

M(t) =EM(T) + [ Z(s)5B H (s), P — a.s. t G [0, T\. 
Jo 

Now we define 

Y(t)=M(t)- I f( S ,n(s), X (s,ri(s)),il>( S ,n(s)))ds, t e [0,T]. 
Jo 

Then, 

Y(T) - Y(t) = M(T) - M(t) - J f(s,rj(s), X (s,v(s))^(s,v(s)))ds 

T (-T 
Hi 



Z(s)dB H (s)- J f(s,r ] (s), X (s,v(s)),Hs,rj(s)))ds, 
which means that 

rT 

Y(t) = £+ f(s,r,(s), X (s, V (s)),^s,r,(s)))ds- Z{s)5B H (s) . 
Jt Jt 

Moreover, from Remark 4.10 [9j and (|21|) 



Y{t)=E[Y{t)\T t ]=E 



T 



g(r](T))+ / f (s,rj(s),x(s,v(s)),ip(s,ri(s)))ds 



P M 2 T _ M 2g(r,(t)) + I P W2 _ W? / (a, V®, X& v(t))^(s, v(t))) ds, 
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so that it can be easily shown that also Y G Vt- Consequently, we have constructed a solution 
(Y, Z) G Vt x Vt for BSDE ([231). Moreover, F is continuous since Y G V T - 

,i 3 , r „ m , ms .., du dv 



Finally, using that Y, Z G Vt, we can find u,v G C^([0,r] x R) with 

C°;}([0,T] x R) such that Y(t) = u(t,n(t)), Z(t) = v(t,rj(t)), t G [0,T]. Then v{t,x) 
d 

o-(t)—u(t,x). Indeed, by applying (El) we have 
ox 

du(t, V (t)) = ^u(t, rj(t))dt + °(t)-^u(t, 7](t))5B H (t) + ^(*)^f«(* 5 »7(*))^ 



G 



d 



d 

dt + a(t)—u{t,ri(t))SB H (t) , 



where <r(i) := —7- ( 1 1 c" 1 1 1 )■ Consequently 
dt 



d Id 2 
—u{s,r}(s)) + -a(s)-^u(s,ri(s)) 



ds 



T a(s)-^ U (s,r,(s))5B H (s). 



From (1231) it can be concluded that 



d Id 2 
—u{s,r]{s)) + ^<?{s)-Q^u{s,ri(s)) 



r T d 

ds + J a(s)—u(s,7](s))5B H (s) 



f{s, rj(s),x(s, ri(s)),ip(s, r)(s)))ds + / v{s, r)(s))6B 



Using Lemma [IT] we deduce that 







(30) 



v(t,x) = a(t)—u(t,x), for all t G [0, Tl, x G R. 

It remains to prove that the above solution is the unique one in Vt X Vt for BSDE 
Indeed, we suppose that there is another solution (Y, Z) G Vt x Vt- Then by applying 
Theorem [9j using (|30p and taking expectation, we have 



E\Y(t)-Y(t)f 



M 



< E\Y(t) - Y{t)\ 2 + 2 



2#-l 



E|Z(s) - Z{s)\ 2 ds 



a is 



-E\Z(s) - Z(s)\ 2 ds 



/J 
(V(i) - Y(t)j \ Z(t) - Z(t)J 5B H (s) = 0, for all t G [0,T], 

where the latter equality follows the fact that (Y — Y){Z — Z) G Vt- Therefore, taking into 
account the continuity of Y — Y, the uniqueness follows. ■ 

Proposition 20 Let the assumptions {H\)-{H±) be satisfied. For (U,V) G Vt x Vt, let 
(Y, Z) G Vt x Vt be the unique solution of the following BSDE 



Y{t) 



f{s, V (s),U(s),V(s))ds 



J Z(s)5B H (s), t G [0,T]. 
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Then, for all (3 > 0, there exists C G R (depending also on L and T) such that 

sup e 2 ^E|y(t)| 2 + / T e 2 ^E|y(s)| 2 (is+ [ T s 2H ^ 1 e 2 l 3s E\Z(s)\ 2 ds 
te[o,T] jo jo 



< C (/3) (^£e 2 ^E\U(s)\ 2 ds + £ s^^e^ElV^ds + j\ 2 ? s \f (s, n(s), 0, 0) | 2 ds^j . 

(31) 

Moreover, C(/3) can be chosen such that lim C (/?) = 0. 

Proof. From Theorem [9] and Proposition [18] we deduce that, for t G [0, T], 

E|y(t)| 2 + A [ T s 2H - l ¥,\Z{s)\ 2 ds < E\Y(t)\ 2 + 2 /^^^OOI 2 ^ 



y( s )/( s ,77(s),c/( s ),y( s )) 



< 2 / E [|y( S )| + L|y(s)| + |/( fl , V (s), 0, 0)|)] ds 



(32) 



< 2 



r 



e |y(s)| 2 l 1/2 [e (l|[/( s )| + L|y( s )| + 1/ ( s , n( s ),o, o)|) 2 



1/2 



1/2 



ds. 



Let s(t) = E|y(t)r ,te[0,T]. Then 

x 2 (t)<2VsJ x(s) E (l 2 |C/(s)| 2 + L 2 |y(s)| 2 + |/(s,?7(s),0,0)| 2 ) ^ ds, t G [0, T] . (33) 
To estimate x(i), we will apply the following inequality: 

Lemma 21 Let a, a, (3 : [0,T] — > M + 6e i/iree nonnegative Borel functions such that a is 
decreasing and a,/3 G £^([0,00]). 7/x : [0, T] — > M + is a continuous function such that 

x 2 (t)<a(t) + 2 a{s)x(s)ds + 2 (3 (s) x 2 (s) ds, t G [0, T] , 
Jt Jt 

then 

x (t) < \/a(t) exp ^ jf /3 (s) ds^ + J a (s) exp (3 (r) dr^ ds, f G [0, T] . 

Remark 22 For this Lemma the reader is referred to Corollary 6.61 \17$ . 
Now from (|33p and the above lemma, by setting 
a(t) = 0, /3(s) = 0, 

a(s) = [E (l 2 \U{s)\ 2 + L 2 |y(s)| 2 + \f (s, r?(s), 0, 0)| 2 )] [0,T], 
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we have 



x(t) < V3 p [l(L a |?7(fl)| i, + L 2 |^(s)| 2 + |/( S ,T/(8),0,0)| 2 )] 1/2 ds, t G [0, T], 



and, hence, for any /3 > 0, 



1/2 



E|Y(i)| 2 ~'"< v/3/ (L[E|^( S )| 2 ] 1/2 + L[E|y( S )| 2 ] i/z + E|/(s, 77(a), 0,0)| 



21 1/2 



1/2 



ri.s 



T 



1 21 ' 2 , 

gH-1/2 

— ^ r i 1/2 

+\/3~/ e-? s e 2 ^E 1/(5,77(5), 0,0) | 2 



< a/3L / (e-^ [e 2 ^E|C/( S )| 2 ] i/2 + -^-^ [s^e^EI^)! 2 ] 172 ^^ 



< \/3L (J^e-^'ds) ' (j\ 2 ^\U{s)\ 2 ds 



1/2 



+\/3L 



T -20s \ I/ 2 / f T x 1/2 

■ ^ / / s 2H-l e 2^ E |y (s) |2 ds 



/ \ I/ 2 / r T 

e'^dsj 



e 2 ^E|/(s,r/(s),0,0)| 2 ds 



1/2 



(34) 



Let us use the following notations: 

/ ,T X 1/2 

A t := / e 2/3s E|[/(s)' 2 



T 



1/2 



s 2H-l e 2^ E | F(s) |2 ds j 



/ ,T xl/2 

and C t = (J e 2 ^E|/ (s,r/( S ),0, 0)| 2 J , te[0,T] 



/" T 1 

Since / e~ 2/3s ds = — (e" 2/3 * - e" 2/3T ) we have for a > with 0<a<2-2#<l and 

/3>0, 



„2if-l 



ds < 



(2/3(8-*))" 



-2H-1 



(2/3) a ./n s^ 2 ^- 1 



ds < 00. 



This allows to conclude from (1341). that 



,2 / 9^ ,2 



9L 2 /" T (s-f) 



e«"E|Y(t)|'<_ Ai + 



—dsBt + —Ci. 



(35) 



Consequently, there exists C (/3) with lim C (/3) = 0, s.t. 

/3— »oo 



e 2/3 *E |Y(i)| 2 (it < C(/3) (A 2 + B 2 + C 2 ) , i € [0, T] . (36) 
Applying the ltd formula to |Y(i)| 2 , taking the expectation E|Y(i)| 2 and then determining 
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the function d (e m E\Y(t)\ 2 ) and using ([35]) we obtain (Recall © for the definition of M) 

e 2l3t E\Y(t)\ 2 + 2(3 [ T e 2l3s E\Y(s)\ 2 ds + A / a^-V^E^a^a 
it ^« Jt 

< 2 [ e 2 ^E [\Y(s)\ (L\U(s)\ + L|F(a)| + \f (s, 77(a), 0, 0)|)] da 



< 2L / [E(e 2 ^|Y(s)| 2 )] 1/2 [E(e 2 ^|[/(s)| 2 )] 1/2 ds 



+2L 



E 



,2i?-l 



in*) 



1/2 



[E( e 2^ s 2H-l| F(a )|2)jl/2 ds 



+2 J [E(e 2 ^|r(a)| 2 )] 1/2 [e (e 2 ^ s \f (a, 77(a), 0, 0)| 2 
< 2LjT [C7(/3) (A 2 + J B S 2 + C S 2 )] 1/2 [E(e 2 ^(s)| 2 )] 1/2 ds 



1/2 



da 



+2L 



Jt I s 



nl/2 



[E (e 2 ^a 2 ^- 1 |F(a)| 2 )] 1/2 da 



f 

2MV2 fn? /'_2fl« 1^. n nM2M 1/2 



+2 jf [C(/3) (A 2 S + £ 2 + C 2 )] 1/2 [E (e 2 ^ s |/ (a, 77(a), 0, 0) | 
< 2L^/C{p){A t + B t + C t ) (y/T=tAt + 



ds 



rp2-2H _ j-2-2H 



B t + VT^t C t ■ 



2-2H 

Thus, the above inequality and (f36|) allow to conclude inequality ([3T]) . ■ 
Theorem 23 Lei i/ie assumptions {Hi)-(H<±) be satisfied. Then the BSDE 

Y(t)=£+ F /(a, 77(a), F(a),Z(a)) da - f Z(s)SB H (s), t £ [0,T] 
Jt Jt 

has a solution (Y, Z) 6 V^ 2 x V^?. 

Remark 24 Lei us mention that it is not clear here, if the solution Y has continuous 
paths or not. Indeed, since Z does not necessarily belong to L(^ 2 , the divergence integral 

J". T Z{s)5B H (a) can eventually be discontinuous in t. 

Proof. The existence of the solution is obtained by the Banach fixed point theorem. Let us 
consider the mapping V : Vt x Vt — > Vt x Vt given by (U, V) — > V (U, V) = (Y, Z), where 
(Y, Z) is the unique solution in Vt x Vt for the BSDE 

Y{t) = $+ [ T f(s,ri(s),U(s),V(s))ds- f Z(s)5B H (a) , ie[0,T]. 



First, we remark that T is well defined (see Proposition I18p, 
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Let us show that T is a contraction w.r.t. the norm ||(u,i>)lli/2,ff := ll n lli/2 + IMI#> f° r 

]/2 H 

(u,v) E V T x V T (for the definition of || • || a , see (fTUj) ). 



For (U, V), (£/', V) E V T x V T and (Y, Z) = T(U, V), (Y', Z') = T(U', V), we set AY = 
Y - Y', AZ = Z — Z', AU = U - U' and AV = V - V. Using Proposition M we know that 
there exists C{(5) which can depend on L and T, such that lim C(/3) = 0, and 

sup e 2/3t E|AY(t)| 2 + / T e 2/3s E|Ay(s)| 2 ds+ f s 2H - l e 2 ^ s E\ AZ(s)\ 2 ds 

t£[0,T] Jo Jo 



< C{fi) (^j\ 2 ^E\AU(s)\ 2 ds + j\ 2H - l e 2 ^ s E\AV(s)\ 2 d^j . 



(37) 



Taking (3 large enough such that C{(3) < 1/2, then V becomes a strict contraction on Vt x Vt 
w.r.t. the norm ||(-, 0lli/2,H- 

Now we define {(Y k , Z k )} k£ ^ recursively by putting Yq = 77(f)), Zq = ip(t,rj(t)) for 

X,il> S C^([0,T]xR) with ^, ^ e C p ;}([0,T]xE), and by defining (Y k+1 ,Z k+l ) E V T xV T 
through the BSDE 

Y k+1 (t)=^ + ^ T f(s,ri(s),Y k (s),Z k (s))ds-^ T Z k+1 (s)dB H ( S ), te[0,T], (38) 

k > 0. From Proposition [181 we know that for all k > 0, Yfc(t) = u k (t,rj(t)), Z k (t) = 
v k (t, V (t)), for suitable n fc ,v fc E C^([0,T] x R) with ^ 6 Cj5([0,^ x R) such that 

Z k (t) = a(t)-^u k (t,r ) (t)),te [0,T]. 

Since T is contraction, which means that {(Y&, Z k )} keN is a Cauchy sequence in 

then there exists (Y,Z) E V r x such that (Y k ,Z k ) converges to (Y, Z) in V^/ 2 x V^. 
Moreover, we can prove that (Y, Z) satisfies 

Y(t) = €+ [ T f(s,rj(s),Y(s),Z( S ))ds- f Z(s)5B H (s) , t £ (0,T] . 
Jt Jt 

Indeed, from (f3"T|) 

lim E\Y k (t) -Y{t)\ 2 = 0, t E [0,T], and 

fc— ^oo 

fT ,T (39) 

lim E / |Y fe (s) -Y(s)\ 2 ds + E / s 2Jf - 1 |Z fc (a) - Z(s)| 2 ds = 0. 
Then for arbitrary p > and for all i E [p, T] , 



lim I-Y k+1 (t) + £+ [ f(s,r ) (s),Y k (s),Z k (s))ds\ 
= -Y(t) +Z + J^f 0, := 0(t), in L 2 (ft, 7", P), 



(40) 
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and ZkluT] ~^ Z\t,T] m L 2 {Q.,F]'H). Therefore, using Definition Q3 (f38|) and (J3QJ) , we see 
that for all F G Vt, ' 



E ((D H F,Z(-)l [t>T] (-)) T = lim E ((D H F,Z k+1 (-)l m (-)) T 

= lim E (fJ Z k+1 {s)8B H {s^j = E(F 9(t)). 

Prom the definition of the divergence operator 5, it follows that ZIu^t] G Dom(5) and 
5(Zlu T i) = 6(t). Consequently, we have 

Y(t) = £+ [ f(s,ri(s),Y(s),Z(s))ds- [ Z(s)5B H (s), for all t G [p, T], a.s. 
Jt Jt 

Considering that p is arbitrary, we complete our proof. ■ 

Proposition 25 Let (Y,Z) G Vt x Vt &e £/ze solution of BSDE \213^ constructed in Theorem 
Then for almost t G (0, T], 

"Y(t) = ^%Z(t). 



Proof. From (i38l) we know that (Y k , Z k ) G Vt x Vt satisfies 



n+i(t) = e+ / /(s, 77(a), n(s),^fc(«)) ^- / ^+i(s)<^%), *G[0,T], fc > 1. 

We recall that Y k (t) = u k (t,n(t)), Z k (t) = v k (t,rj(t)), t G [0,T] and Z fc (t) = a(t)-^u k (t,rj(t)). 

Since (Yfe, — > (Y, Z) in V^/ 2 x V^, there exists a subsequence, by convenience still denoted 
by {{Yk, ^fc)} fceN , such that for arbitrary p > 0, we have that 

lim E|Yfc(s) - Y(s)| 2 = and lim E\Z k (s) - Z(s)\ 2 = 0, for almost all s G [p,T\. 

k— >oo k— >oo 

As a process with the parameter r, 

D r Y k (t) = ^- u (t, V (t))a(r)l m (r) = ^(% fl (r) z(t)1[M (r)> 

as A; — )• oo, for almost all i G [p, T]. 

On the other hand, since L 2 ([0,T]) C H, we conclude that the convergence also holds in 
L 2 (n,F,P;H). Consequently, in L 2 (f2, J 7 , P; %) 

D r Y(t) = lim D r Y k {t) = lim ^-Z k {t)l m (r) = ^Z(i)l [0jt] (r), a.e. t G [p,T], 



and, thus, 



Bf Y(t) = / 0(t - r)£> r r(t)dr = 4t7 Z ^> a - e - * G 
where <r(£) is defined by ([8]). Considering that p > is arbitrary, we have 



>f Y(t) = ^Z(t), a.e. tG(0,T], 



which completes the proof. 
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4.2 Uniqueness 

Before giving our uniqueness result, we introduce the following spaces: 

M = = X(0) - jf w s ds - jf u s 5B H {s), t G [0,T] with 



G V T , v s = v(s,r](s)), where v G C p ' ol ([0,T] 



and 5/, the set of (1", Z) G V^! 2 x such that 



«E|y(t)| 2 + 2E/ ^£W)| 2 d S = E|£| 2 + 2E/ Y(s)f(s,r 1 (s),Y(s),Z(s))ds, t £ [0,T], 
Jt ^{s) Jt 



(ii) E [Y(t)X(t)] + E 



Z(s)ds = E [£X"(T)] 



+E / [y(a)v a + X(s)f(s, v{s),Y{s), Z{s))} ds, X EM. 



Theorem 26 Xei i/ie assumptions {Hi)-{H^) be satisfied. Then BSDE 

Y(t) = £+ [ T f(s,r ] (s),Y(s),Z(s))ds- C Z(s)8B H {s) 
Jt Jt 

has a unique solution (Y, Z) G Sf. 

Proof. We show first that the solution (1", Z) we constructed in the proof of Theorem 1231 
belongs to Sf. Indeed, the sequence {(Y k , Z k )} k£ ^ introduced in the proof of Theorem [23] 

is in Vt x Vt and converges to (Y, Z) in V^ 2 x ■ Applying the Ito formula to Y k 2 +1 (see 
Theorem [9]) and taking the expectation we have 

E|Yfc +1 (t)| 2 + 2E [ T ^\\Z k+1 (s)\ 2 ds = m 2 + 2E F Y k+1 (s) f (s , V (s), Y k (s), Z k {s))ds. (41) 
Jt o-(s) Jt 



Moreover, from (|39p we know 

lim E\Y k (t) -Y{t)\ 2 = 0, t G [0,T], and 

r T r T 

lim E / |y fc (s) -Y(s)| 2 ds + E / s 2 ^- 1 |Z fc (s) - Z(s)| 2 (is = 0, t G [0, T]. 
Letting /c — >• oo in (|4ip . it follows that, for arbitrary p > 0, 

E|Y(i)| 2 + 2E [ T ^l\Z(s)\ 2 ds = E|e| 2 + 2E C Y{s)f{s,i 1 {s),Y{s), Z{s))ds, t G [p, T]. (42) 
Jt o-{s) J t 
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On the other hand, for any X G M, we deduce from Theorem [9J 



T 



E [Y k+1 (t)X(t)} + E / [« a Df Y k+1 (s) + Z fc+1 (a)Bf X(a)] 



E [£X(T)] + E / [Y k+1 (s)v s + X{s)f{s, rj(s),Y k (s), Z k (s))} ds. 



Letting k — > oo in the above equation and recalling that H^Y k+ i(s) 



obtain for arbitrary p > 0, 



E[Y(t)X(t)]+E 



o(£) 

a(s) 



Z fc+ i(s), we 



a(a)' 



+ DfX(s) 



Z(s)ds 



r 



(43) 



E [£X(T)] + E / [Y(s)v s + X(s)/(s, r?( S ), Z(s))) ds, t G [p, T]. 



Consequently, (@2]) and (03]) yield that (Y,Z) £ S f . 

Now it remains to show the uniqueness in the class Sf. We suppose that (Y, Z) G Sf is 
another solution of BSDE (122|) . Then for arbitrary p > 0, 



E|y(t)| 2 + 2E 
and 
E 



T ^\Z(s)\ 2 ds = m 2 + 2El Y( S )f(s, V (s),Y(s),Z(s))d S , te[p,T}. (44) 



V ( / m-j (7) + E / T 244z fe+ i(s)Z( S )d S 
o-(s) 



E|e| 2 + E/ y( s )/( s , ?7 ( s ),y fc ( s ),z fe ( s )) + y fe+1 ( s )/( s ,r ? ( s ),y( s ),z( s )) ds, te[p,T], 



and letting A; — > oo, we have 



y(t)y(t)j + E [ 2^Z(s)Z(s)d& 
J 7t cr(s) 



E|£| 2 + E / Y(s)f(s, 17(a), y(s), Z(a)) + r/(s), y(a), Z(a)) ds, t G [p, T]. 



E 



(45) 

Thus, from (02}, @3J and ggj as well as E|y(t)-y(t)| 2 = E|y(t)| 2 -2E [y(i)y(i)l +E|y(t)| 2 
we have, for t G [p, T], 



E|y(t) - y(t)| 2 +2E 



a a 



|Z(s) -Z(s)| 2 ds 



E 



T 



y(a) - y(a)j [/(a, r?(a), y(s),Z(s)) - /(a, 77(a), y(a), Z(s)) 

1 



da 



< E / ( L\Y(s) - y(a)| 2 + L 2 Ms 1 " 2 ^|y(a) - y(s)| 2 + -L s 2H - l \Z(s) - Z(s)| 2 ) ds. 
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(46) 



where M is the constant introduced in Remark [6j Then, using Remark [6] 

1 f T 

E\Y(t) - Y{t)\ 2 + — E J s 2U - x \Z{s) - Z{s)\ 2 ds 

(L + L 2 Ms 1 - 2H )\Y(s)-Y(s)\ 2 ds 
and Gronwall's inequality yields that 

E\Y(t) - Y(t)\ 2 + -LeJ\ 2H ^\Z(s) - Z{s)\ 2 ds = 0, t G [p,T]. 
Since p > is arbitrary, our proof is complete now. 

5 Fractional backward stochastic variational inequality 

Let us now consider the following BSVI driven by a fBm: 

f -dY(t) + dif(Y(t))dt 3 f(t, rj(t), Y(t), Z(t))dt - Z(t)5B H (t), t G [0, T], 

I Y(T) = e, 

where the coefficients satisfy (Hi)-(H±) and 5^3 is the subdifferential of the function 93 : R — > 
(—00, +00] satisfying 

(P5) <f is a lower semicontinuous (l.s.c.) function with 93(2;) > v?(0) = 0, for all x G R and 
E|y>(f)| < 00 (Recall that f = g(v(T))). 

Let us introduce the following notations: 

Dom 93 = {u G R : < 00}, 

9^(u) = {u* G R : u*(t; - u) + <p(u) < cp(v), for all v G R}, 

Dom{dip) = {ael: <9</?(u) ^ 0}, 

(u,u*) <E dtp 4^ u <E Dom(dip),u* G dip(u). 
We know that the multivalued subdifferential operator dtp is a monotone operator, i.e., 

(u* — v*)(u — v) > 0, for all (u, u*), (v, v*) G cfyj. 
Now we give the definition of the solution for BSVI (I46p . 
Definition 27 A irip/e (K, Z, U) is a solution for BSVI g^j, if: 

(at) Y, U G "P|? and Z G V^~ 1/2 , 

(a 2 ) (y (t), #"(*)) G dP ® (ft a.e. on n x [0, T], 

(03) y(t)+ [ T U(s)ds = ti+ [ J f(s, V (s),Y(s),Z(s))ds- C Z(s)5B H (s), t e (0,T\, a.s. 
Jt Jt Jt 

In this section, our objective is to show the following existence result: 

Theorem 28 Let the assumptions (Hi)-(H^) be satisfied. There exists a solution of BSVI 
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5.1 A priori estimates 

We consider the penalized BSDE by using the Moreau-Yosida approximation of ip: 

Y £ (t) + [ T Vp £ (Y £ (s))ds = £ + [ T f (s, V (s),Y £ (s), Z £ (s)) ds - F Z £ (s)5B H (s) . (47) 
Jt Jt Jt 

Recall that the regularization <p £ of p is defined by: 

(p e (u) := inf - v\ 2 + tp(v) : v € r| , tie!, e > 0. 

It is well-known that tp e is a convex function of class C 1 on R and its gradient Vip £ is a 
Lipschitz function with Lipschitz constant 1/e. Let 

J e ii = u — sV(p E (u), u G R. 

For all u.tieM and e, <5 > 0, the following properties hold true (see [I] and [IS]). 

(a) <£ £ (u) = ^\Vp £ (u)\ 2 + p(J e u), 

(b) \J £ u — J £ v\ < \u — v\, 

(c) Vip £ {u) G d<p(J e u), (48) 
(rf) < p e (u) < uVp £ (u), 

(e) (V^ e («) - V^(w)) (« - u) > - (e + 5) Vp £ (u)Vp s (v). 

Theorem 29 Let the assumptions (Hi)-(H^) be satisfied. Then, for all e > 0, the penalized 
BSDE g?P has a solution (Y £ ,Z £ ) G v]( 2 x such that, for t G (0,T], 



E\Y e (t)\ 2 + 2E f ^f\\Z £ (s)\ 2 ds = E|e| 2 + 2E f Y £ (s)f{s, ri{s),Y £ {s), Z £ {s))ds 
Jt °"( S J Jt 

-2eJ Y £ (s)Vp £ (Y £ (s))ds. 

Proof. In order to use Theorem [26] we mollify V(^ £ in a standard way: 

(Vy? £ ) a (x) := / Vp £ (x — au)X(u)du, where A(w) = e 2 ; u G R. 

Jm V2vr 



(49) 



Considering that ^> e is convex and V(£> £ is Lipschitz continuous with Lipschitz constant 1/e, 
(V(p £ ) a has the following properties for X\,x 2 6l and a, ai, 02 > 0: 

(i) (V(p £ ) a belongs to C^^R), and is convex; 

1 1 /"2~ 

(m) I (Vc^e)" 1 (xi) - {Vtp £ ) a2 (x 2 )\ < -\x 1 - x 2 \ + ~\ - a 2 \. 

£ e \ 7T 
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Now we consider the following mollified BSDE 

y*.«(t)+ [ T (V^sT (Y £ > a (s))ds = £+ f T f (s, V (s),Y £ > a (s), Z £ > a (s)) ds- f Z £ > a (s)5B H (s) . 
Jt Jt Jt 

(50) 

Prom Theorem 121)1 we obtain that (|5Up admits a unique solution (Y £,a , Z e ' a ) in Sf !e>a := 
Sf-(Vtp £ ) a C V^ 2 x Vy , This solution (Y e,a ,Z e,a ) can be approximated by the sequence 
(Y k ' £ ' a , Z k ' £ ' a ) £V T xV T ,k>0 constructed by the following method: Define (Y k > £ ' a , Z k > £ > a ), 
k > recursively: y°> £ ' Q = x(t,r/(t)), Z°' £ > a = ^(t,r/(t)) for x,^ € C^([0,T] x M) with 

^ G C°;}([0,T] x R), and let (Y k+1 ' e ' a , Z k+1 > £ ' a ) eV T xV T be the unique solution of 
the BSDE 



pT pT 

Y k+1 > £ > a (t)+ / (V<^ £ ) Q (Y k > £ > a {s))ds = £ + / f (s,r](s),Y k > £ ' a {s),Z k > £ > a {s)) ds 



-J Z k+1 ' £ > a (s)5B H (s), te[0,T]. 



(51) 



Similar to (j39[) . we have 



lim E|y fc ' e ' Q (t) - y £ ' Q (t)| 2 = 0, t G [0,T], and 



T T (52) 

lim E / |y fc ' £ ' Q (s) -y £ ' Q (s)| 2 (is + E / s 2H - 1 |Z fc ' e ' Q (s) - Z £ > a (s)\ 2 ds = 0. 
Jo Jo 

Moreover, analogously to (|42h . we show that, for arbitrary p > 0, 

E |y^«(t)|2 + 2E /" T 44|Z e ' Q (s)| 2 ds = E|e| 2 - 2E F Y £ > a {s) {Vip e ) a (Y £ ' a (s))ds 
Jt c(s) Jt 

+2E^ T Y £ ' a (s)f(s, V (s),Y £ ' a (s),Z £ ' a (s))ds, t e [p,T], 



(53) 



and 



E|AF £ > ai ' a2 (i)| 2 + 2E / ^4|AZ e ' Ql ' a2 (s)| 2 ds = 2E / AY E > ai > a *(s)Af £ > ai > a *(s)ds 
Jt °{s) Jt 

-2EjT Ay £ ' ai ' Q2 (s) ((V(^ £ ) ai (y £ ' Ql (s)) - {VtfeY 2 (Y £ < a2 {s)))ds, t G [p,T], 

where Ay £ - ai > Q2 (s) = y £ > Ql (s) - Y £ > a2 (s), AZ £ > ftl - fl2 (s) = Z £ - ai (s) - Z £ > Q2 (s) and 
A /*,«i.<*( a ) = /(^(^y^),^,^)) - f(s, V (s),Y £ ^(s),Z £ ^( S )), s G [0,T]. 
Then 



E|Ay £ ' ai ' a2 mi 2 + 2E / ^l\AZ £ ' a ^(s)\ 2 ds < E / (2L + L 2 Ms 1 - 2 - f/ )|Ay £ ' ai ' a2 (s)| 2 ds 

f' T 1 3 f T 2T 

+E / — s 2H - 1 |AZ £ > ai > Q2 (s)| 2 ds + -E / |Ay £ ' ai ' a2 (s)| 2 ds + — \a l -a 2 \ 2 , t G [p,T], 
Jt M e J t tt 
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(by using the property for (Vip E ) a ) where M is the constant given by Remark[6j Then, using 
([9]) we obtain 

E|AF e,Q!1 ' a2 (t)| 2 + jf E f t s 2H - l \&Z £ < a ^ a *{s)\ 2 ds 

2T t' T 3 

< — |ai-a 2 | 2 +E/ (2L + - + L 2 Ms 1 - 2H )\AY £ ' a ^(s)\ 2 ds, t € \p,T\, 

7T J t £ 



and Gronwall's inequality yields that 



E|AF £ ' ai - a2 (t)| 2 + -J-E f 8 2H - 1 |AZ e > ai ' aa (a)| 2 ds < M efL>T |ai - a 2 | 2 , t £ [p,T], 

where M e l t is a constant depending only on e, L, T but independent of p > 0. Consequently, 
taking into account the arbitrariness of p > 0, there exists a couple of processes (Y £ , Z £ ) with 
Y e l [p<T] G Vt /2 , Z 6 1 [PjT] G Vf for all p > 0, such that 

lim E|r e > a 0) - Y e (t)\ 2 = 0, for all t G [p,T], 
a->0 

,T ,T 
limE/ |y £ - a (s) -y £ (s)| 2 ds + E / s 2H - 1 |Z £ ' a (s)-Z e (s)| 2 ds = 0, for all t G [p, T] , 
Jt Jt 

(54) 

Now let a — > 0, and by using (|50p and a similar discussion as in Theorem 123^ we obtain that 
Z £ l [t<T] G Dom(S), t G (0,T], and 

y £ (t)+ / V^(y £ ( S ))ds = £ + / /(s, »/(*), Y^aJ.Z^tfa- / Z e ( S )^(s), tG(0,T]. 

Ji Jt Jt 

Moreover, taking a — > in (f53l) yields that 

E|y £ (t)| 2 + 2E f ^l\Z £ (s)\ 2 ds = E|£| 2 + 2E / y £ (s)/(s, 77(a), Y £ (s), Z £ (s))ds 
Jt <r{8) Jt 

~ m J t Y £ (s)Vp £ (Y £ (s))ds, te(0,T}. 

m 

The next three propositions provide a priori estimates for the sequence (Y £ ,Z £ ), e > 0. 

Proposition 30 Let the assumptions (Hi)-(H^) be satisfied. Let (Y £ ,Z £ ) be the solution 
constructed in the proof of Theorem\2^ Then there exists a positive constant C independent 
of e > 0, such that, for all t G [0,T] ; 



E|y £ (t)| 2 + Ey s 2H ~ l \z £ { s )\ 2 ds < c ri(r), 

r 1 (T)=E[|£| 2 + [ T \ v (s)\ 2 ds+ [ T \f(s,0,0,0)\ 2 ds]. 
Jo Jo 
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Proof. From (|35j) . (0-6) and uV<p e (u) > 0, for all u £ R, we have, for f G (0,T], 

E \Y%t)\ 2 + ^^^-1 | Z e (s) |2 ^ < E |e| 2 + ^ y£(g)) ze(s))] ^ 

On the other hand, from assumption (#3) and Schwartz's inequality we obtain 
2Y £ (s)f(s, V (s),Y £ (s),Z £ (s)) 

< 2 \Y £ (s)\ ( |/ (s, 0, 0, 0)| + L \rj(s)\ + L \Y £ (s)\ + L \Z £ (s)\ ) 

< |/ (s, 0, 0, 0)| 2 + \ V (s)\ 2 + (l + L 2 + 2L + ^M-^) |y-(,)| 2 + -L s 2 ^ |Z e (s)| 2 . 
Then, 

IE|^ E (i)| 2 + ^tE / s 2 ^" 1 |Z £ (s)| 2 ds <E|£| 2 + ( E|/(s,0,0,0)| 2 ds+ f E\n(s)\ 2 ds 
M J t Jt Jt 

+J ^l + L 2 + 2L + L 2 M-^-^E\Y £ (s)\ 2 ds. 
Therefore, by Gronwall's inequality we deduce that 
E\Y%t)\ 2 + ±Ej\ 2H - l \Z%s)\ 2 ds 



<T t (T) exp 
which completes the proof. 



[l + L 2 + 2L) (T — t) + L 2 M 



rp2-2H _ £2-2#l 

2-2H 



Proposition 31 Let the assumptions (Hi)-(H§) be satisfied. Then there exists a positive 
constant C such that, for all t £ [0,T], 



(*) eJ T s 2H ~ 1 |V^ £ (Y £ (s))\ 2 ds<C r 2 (T), 

(it) t 2H - l E[ip(J £ (Y £ (t)))}<CT 2 (T), 
(Hi) t 2H ^E [\Y £ (t) - J £ (Y £ (t))\ 2 ] < eC T 2 (T), 

where T 2 (T) = E[ |£| 2 + <p@ + J^\r](s)\ 2 ds + / T 0, 0, 0)| 2 ds] . 

In order to obtain the above propsition it is essential to use the following fractional 
stochastic subdifferential inequality: 

Lemma 32 Let ip : R — > R + be a convex C 1 function which derivative X7tp is a Lipschitz 
function (with Lipschitz constant denoted by K). Then, for all t £ (0, T\, P-a.s. 

fT 



t 2H - l E [V> (Y £ (t))} + E J s 2H - l Vil) (Y £ (s)) Vif £ (Y e (s))ds 



< T 211 - 1 ^ + eJ s^^Vip (Y £ (s)) f(s, n(s),Y £ (s),Z £ (s))ds. 



(55) 



31 



Proof. We first show that 



t 2H - x ^ [if; {Y k+1 > £ ' a (t))] + eJ s 2H ~ l V^ (Y k+1 ' £ < a (s)) (Vip £ ) a (Y k ' e > a (s))ds 
< T 2H - l K [if) (£)] + Ey s 2H ~ l V^ (Y k+1 ' £ > a (s)) f(s, f](s), Y k ' £ ' a (s), Z k ' £ > a (s))ds, 

where (Y k > e,a , Z k,£,a ) € Vt x Vt is defined through f)51 1) . We mollify the function i{j by setting, 

r 1 u 2 

for > 0, il> e {x) := / tp(x — 8u)X(u)du, i£M, where A(u) = / _ e~~ , «eR. From the 



2vr 

convexity of ^ follows that ^ e is convex. Moreover ip e > 0. The generalized ltd formula (see 
(f67|) in Remark [35]) yields 

T 2H ~ V(£) = t 2H - l ^ e {Y k+l ^ a {t)) + (2H - 1) J J s 2H - 2 ijj e (Y k+1 ' £ ' a (s))ds 

-J s 2H " 1 V<(y fc+1 ' £ ' Q (s))/ (s, r](s),Y k ' £ > a (s),Z k ' £ > a (s)) ds 

+ j\ 2H - l Vil> e {Y k+l ^ a {s)) (Vip e ) a (Y k ' £ > a (s))ds (56) 

+ J T s 2H - 1 Vi() 9 (Y k+1 ' £ > a (s))Z k+1 > £ ' a (s)5B H (s) 

r T 

+ J s 2H - 1 Dl x ^ e (Y k+1 ' £ ' a (s))Z k+1 ' £ ' a (s)OfY k+1 ' £ ' a (s)ds. 
Now taking the expectation in (156H . by using -i/; 9 > 0, the convexity of ip e and the fact 



that y fe+1 ' e ' a (s) 



*00 



o IS 



?k+l,E,a 



(s), we have 



t 2H - l K [^(Y k+1 ' £ ' a (t))] +E y T s 2H - 1 VV/(y /c+1 ' e ' a (s))(V^ £ ) Q (y fc ' e ' a (s))ds 

< T 2 ^-^^^) + Ey s 2i/ - 1 V^ e (y fc+1 ' e ' Q (s))/ (s, r/(s), Y k ' £ ' a (s), Z k ' £ > a (s)) ds. 
Considering that 



(57) 



V / tp(x - 0u)X(u)du - Vtp(x) 



\Vtp e {x) - V^(x)\ 



< I \V^j{x -9u) -Vip(x)\X(u)du< \j-K\0\, 
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we have 



E 



Vip e (Y k+1 > e > a (s)) {V<p £ ) a (Y k ' £ > a (s))d& 



s 2H - 1 V4>(Y k+1 ' £ < a (s)) (Vip £ ) a (Y k ' £ > a (s))ds 



< T 211 ^ 1 \J^-K\6\§L |(V(^ e ) Q (Y k ' £ > a (s))\ ds -> 0, as -)• 0. 



Similarly, we get 



E y s 2i? - 1 V^(y fe+1 ' e ' a (s))/ (s, ??(s), Y fe ' £ ' a (s), Z fc - £ > a (s)) 
-»■ E / s 2if - 1 V^(y fe+1 ' £ ' Q! (s))/ (s, Y fc ' £ ' a (s), Z fc > £ ' a (s)) -»■ 0, as -> 0. 



Moreover, using Fatou's Lemma (recalling that if) > 0), we obtain 



E 



^(y fc+1,e,a (t)) 



E 



liminf/(F fe+1 ' £ ' a (t)) 
0-s-O 



< liminf E 

9^0 



^(y fc+1 ' e ' a (t)) 



(58) 



On the other hand, we know that ^ is quadratic growth, therefore there exists a suitable 
constant C, such that 

\^ 6 (x)\ < [ \ip(x - 9u)\X(u)du < C(l + x 2 + 2 ). 
From (^4) and (jlip . it follows sup 

E [1^(01] < 00, whi ch implies that {<(£)}e<i 

is um- 

formly integrable. Then considering that ifi (£) > we have Ef^ 61 ^)] — > E[?/>(£)]. 

P—a.s. 

Consequently, letting 9 — > in ([57)1 we have 

i 2 ^- 1 ! [>(y fc+1 ' e ' a (t))] + ^j\ 2H - l V^{Y k+l ^ a {s)) (Vip e ) Q (Y k < £ ' a (s))ds 

< T 2H_1 E ty>(f )] + E jf s 2// - 1 V^(^ fc+1 ' £,a (s))/ (s, t?(s), Y k ^ a (s), Z k ^ a (s)) ds. 

Recalling that (see ([52]) ) 

lim E\Y k ' £ ' a (t) -Y £ ' a (t)\ 2 =0, t € [0,T], and 

fc— >-oo 

lim E / |Y fc < £ > a (s) - y £ ' a (s)| 2 ds + E / s 2// - 1 |Z fc ' £ ' Q (s) - Z £ ' Q (s)| 2 ds = 0, 
k ^>°° Jo Jo 

it follows that Y k ' £ > a (t) h ^°° > Y £ < Q (t), for all i G [0,T] and then also ip(Y k ' £ ' a (t)) 

P—a.s. P—a.s. 

Tp(Y £,a (t)), for all t £ [0,T\. Thus, using Fatou's Lemma once again (recalling that ip > 0), 
we obtain 

E[^(y £ ' Q (t))] < liminf E U(Y fc+1 ' £ ' Q (i)) . 

k— >oo L 



k— ¥00 
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Considering that Vip and (V(/J £ ) a are Lipschitz with the Lipschitz constant K and 1/e, 
respectively, we get 



E 



n 2H-l 



W(^ fc+1 ' £,a (s)) (v^ e ) a (y fe ' e ' a (s))d6 



L V^(y £ ' Q (s)) (V(^ £ ) a (y £ ' a (s))ds 



< t^^e / |w(^ fc+1 ' £ ' a (s)) - vv>(T e,a (s))| |(v^ e ) a (y fc ' e ' Q (s))| ds 



r 



+T 2H-i E y |v^(y £ '"(s))| |(V^) a (y fe ' £ ' a (s)) - (Vip E ) a {Y £ < a (s))\ ds 

r T 

< MT 211 - 1 ^ / \Y k+1 ' £ ' a (s) - Y £ > a (s)\ \(V(p e ) a (Y k ' e > a (s))\ ds 

i r T 

+ _ T 2H-i E \X7iP(Y £ ' a (s))\\Y k > £ > a (s) -Y £ > a (s)\ds 0, as ft; ->■ oo. 
e Jt 

Indeed, using that the functions and (Vcp £ ) a are of linear growth, E / \Y £,a (s)\ 2 ds + 

r T r T 1 

E / \Y k ' £ ' a (s)\ 2 ds < C, k > 1, and lim E / \Y k > £ ' a (s) - Y £ ' a (s)\ 2 ds = 0, we can obtain the 

Jt k ^°° Jo 

above convergence with the help of Holder inequality. Similarly we show 



eJ s 2H - l Vi){Y k+l ^ a {s))f (s,r](s),Y 



3)) ds 



E / s 2H - 1 V^(Y £ > a (s))f (s, rj(s), Y £ ' a (s), Z £ > a (s)) ds -> 0, as k -> oo. 



Again with the help of Fatou's Lemma we see that E [Tp(Y £,a (t))] < liminf E [ip(Y k+1 > £,a (t))~j . 
Consequently, letting k — > oo in (f58|) yields that 

fT 



t 2H ~ l E [i;(Y £ > a {t))} + eJ s 2H - l V^{Y £ > a {s)) (Vc^) Q {Y £ > a {s))ds 



2H- 



(59) 



„2H-1 



^(Y £ ' a (s))f(s, V (s),Y £ ' a (s),Z £ ' a (s))ds, te[0,n 



A similar argument allows to take the limit a — > in (j59[) (using (|54p ). it follows 
t 2H ~ l E [ij> (Y £ (t))] + EjJ" s 2H - l Vil> (Y £ (s)) Vp £ (Y £ (s))ds 



< T^^E [i/>($)] +EJ s 2H ^V^ (Y £ (s)) f(s, r](s),Y £ (s), Z £ (s))ds, t G (0, T], 
and the statement is proven. 
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Now we are able to give the proof of Proposition [3TJ 
Proof of Proposition 1311 We consider ifj(x) = (p E (x), i£l, and applying (|55p we have 

t 2H -^{ve(Y £ (t))} +E f s 2H - 1 \V^ £ (Y e {s))\ 2 ds 

KT^mlveiOl+vj s 2H - 1 V V£ (Y £ (s))f(s,7 1 (s),Y £ (s),Z £ (s))ds, s G [0,T]. 
Since < tp £ {u) < u G R we obtain 

t 2 ^" 1 ! fo> e (F £ (t))] + eJ^s 211 - 1 \Vip £ (Y £ (s))\ 2 ds 



|V^ £ (Y e (s))| z + ^ 2H - X \f(s,r,(s),Y £ (s),Z e (sW 



ds 



< T 2H ~ X E [<£>(£)] + E 

< r 2 ^- 1 ! [^(0] + 1 -eJ\ 2H - 1 |v^ £ (y £ ( s ))| 2 

+2Ej\ 2H - 1 ( |/ (s, 0, 0, 0)| 2 + L 2 ^(s)! 2 + L 2 \Y%s)\ 2 + L 2 \Z%s)\ 2 )ds. 
Considering Proposition [301 we see that 

t 2 ^-^ (y £ (t))] + eJ s 2H ~ l \v<p E (y%s))\ 2 ds<c r 2 (r). 

Therefore, since ip{J £ u) < (p £ (u), u G R, we have proven (i) and (ii) of the proposition. 

Finally, in order to obtain (m) is suffices to remark that \u — J £ (u)\ 2 = \\7(p £ (u)\ 2 < 
2e(p E (u), u G R. ■ 

Proposition 33 Le£ i/te assumptions {H\)-(Hrj) be satisfied. Then there exists a positive 
constant C such that, for all e, 5 > 0, 



sup s 2 ^ _1 E 
se[o,T] 



Y £ {s) - Y 5 {s) * ds+ ( s 2{2H - 1] E Z e {s) - Z 5 (s) 2 ds<{e + 5)C T 2 {T) 
Jo 

Proof. Similarly to ([MD, we have, for t G (0,T], 

E\AY(t)\ 2 + 2E [ T ^l\AZ(s)\ 2 ds = -2E F AY(s)[V<p E (Y s (s)) - V^(y 5 (s))]ds 



(60) 



+2E y Ay( S )[/( S ,r,( S ),y £ ( S ),Z e ( S )) - f(s,n(s),Y s (s),Z 5 (s))]ds 

where AY (i) = Y £ (t) - Y s (t) and AZ (i) = Z £ (t) - Then from 

d (s^E [|Ay(s) 2 ]) = s^dE [|Ay(s) 2 ] + (2H - l)s 2H - 2 E [\AY(s) 2 } 
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as well as ([60]) . we deduce that for t £ (0, T], 

t 2H - l m&Y{t)\ 2 + E [ T (2H - 1) s 2H - 2 \ AY(s)\ 2 ds + E C 2 < ^\s 2H ~ l \AZ(s)\ 2 ds 
Jt Jt cr{s) 

= -2^j\ 2H - l AY{s)[Vip £ {Y £ {s)) - Vip s (Y 5 (s))]ds (61) 
+2Ej\ 2H ~ 1 AY(s)[f(s, V (s), Y%s), Z%s)) - f(s, V (s), Y 5 (s), Z s {s))]ds. 

SmC6 2s 2H - l \AY (s) \\f(s, V (s), Y*(s), Z%s)) - f(s, V (s), Y s (s), Z s (s))\ 

< 2Ls 2H - 1 \AY (s) | 2 + 2Ls 2H - 1 \AY (s) | \AZ (s) \ 

< (2L + L 2 M-^- [ )s 2H -i\AY (s) \ 2 + i^H-l) | AZ (s) ^ 
dSU) yields (RecaUdi-6)) 

t^^ElAYit^ 2 + Ae [ T s 2 ( 2H -V\AZ(s)\ 2 ds + e[ T (2H - 1) s 2H - 2 | Ay(s)| 2 (is 

< eJ^ (2L + ^M-^y^-^AYis^ds + ^Ej\ 2 ( 2H ~^\AZ(s)\ 2 ds (62) 

-2EjT s 2H - 1 Ay(s)[Vv? £ (y £ (s)) - v^(y 5 (s))](is. 

By using the following inequality (see (f3Sl -e)) 

(Vif £ {u) - Vip s (v)) (u-v)>-(e + 5) Vip £ (u)Vip 5 (v). 

and Proposition ED (i) as well as Gronwall's inequality, we conclude from (|62p that there 
exists C > such that 

t 2H - l E\AY{t)\ 2 +E j\ 2 ^ 2H - l )\AZ{s)\ 2 ds 

<c(e + 5) E^ T s 2 ^- 1 |v^(y £ ( s ))||v^(y 5 ( s ))|d s 

<C(e + 5) eJ* (s 2H - l \V^ £ {Y £ {s))\ 2 + s 2H - l \V^ s {Y s {s))\ 2 ) ds < C(e + 5)T 2 (T), 
and the proof is complete. ■ 
5.2 Proof of the existence of the solution 



Proof of Theorem 1281 For arbitrary p > 0, by Proposition [33l there exist (Y, Z) G 
V« x V^" 1/2 such that 

sup s 2H - l K\Y e (s) - Y{s)\ 2 ds and F s 2{2H -^E\Z e (s) - Z{s)\ 2 ds -> 0, (63) 
sefo.Tl Jo 
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From Proposition [31] (iii), we deduce that 

limE|Y £ (i) - J £ (Y £ (t))\ 2 = for all t G [0,T], 

' (64) 

lim J e (Y £ ) = Y in VS . 

For each e > 0, let t/ £ (t) = V^ e (Y £ (t)), i G [0,T]. The process t/ £ belongs to the space 
(see Lemma [371 in the Appendix). From Proposition [31] (i), we obtain that 

\\U £ \\ 2 H = E C s 2H - l \U%s)\ 2 ds < CT 2 (T), e > 0. 
■/ o 

Hence, there exists a subsequence e n — > and a process U G such that 



f7 £ ™ > {7, weakly in the Hilbert space • (65) 



Consequently, 



E / s 2 ^ 1 \U(s)\ 2 ds < liminfE / s 2 ^" 1 \U £n (s)\ 2 ds < C F 2 (T). 
Jo £ ™^° Jo 

From equation ([37]) we have 

/ Z £ "(s)5B H (s) = -Y £ "(t) - [ U £ "{s)ds + i+ f f (s,ri(s),Y £ "(s), Z £ "(s)) ds 
Jt Jt Jt 

:= 9 en (t), t G (0,T], n > 1. 

On the other hand, since Z £n li p ^ T ) converges to ZXut\ in L 2 (Q,F, P;T-L) for all p > and 
Z £n Irp^] G Dom(5), then we apply Definition [1] and we obtain for all F G "Pr, 



E [{D H F,Z(.)l [p>T] (.)) T ) = limE [{D H F, Z £ n(-)1 [P)T ](-)) 
= lim E (V / Z £ ™(s)(s)5 J B H (s)^) = lim E(F £n (p)) = E(F B(p)), 

n— >oo \ J J n— >oo 



where it follows from ([(13"]) and ([53]) that 

e(t) = -y(t)- [ T U(s)ds + Z+ [ T f(s,r ] ( S ),Y(s),Z(s))ds 
Jt Jt 

is the weak limit in L 2 (Q,F, P) of 9 £n (t) as n — > oo, i G (0,T]. From the definition of 
the divergence operator, it follows that ZI^t] G Dom{5) and = P-a.s. 

Consequently, since p > is arbitrarily chosen, we have 

Y(t)+ f U(s)ds = C+[ f(s,r](s),Y(s),Z(s))ds-[ Z(s)5B H (s), for all t G (0, T]. (66) 

Moreover, since C/ £ (t) G d<p( J £ (Y £ (t)), for f G [0,T], we have 

t/ £ (t)(F(t) - J £ (Y £ (t))) + V (J e (Y £ (t))) < <p(V(t)), for all V G Vy', t G [0,T], 



37 



and we deduce that, for all A x [a, b] C 0, x [0, T], A £ J 7 , 

KU b s 2H - l i A u £ {t){y{t)-j £ {Y^t)))dt) +M(f b s 2H - 1 iMUY £ (t)))dt 

J Ob *i (X 

< e(J s 2H - l l A y(y(t))di). 

Considering that ip is a proper convex l.s.c. function, hence ({61)) and ([65]) yield that 
E(f»s™-ll A U(t)(V(t)-Y(t))dt) +E(f»s™-H A <p(Y(t))dt 
< E( jls 2H - l l A ip{V(t))dt\ for all A x [a,b] C x [0,T]. 



Therefore, 

- + <p{Y(t)) < tp(V(t)) dP ® dt a.e. on Q x [0, T], 

which means that 

(Y(t),U(t)) E dP®dt a.e. on x [0,T]. 
This together with (f66|) complete the proof. ■ 

6 Appendix 

Theorem 34 Zei ip be a function of class C 1,2 ([0, T] x R). Assume that u is a process in Vt 
and f £ C° po )([0,T] xR). Lei 

X t = X + [ f(s,r)(s))ds+ fu s 5B H {s), s € [0, T] 
J o •/ o 

T/ien /or aZZ i G [0, T] ; i/ie following formula holds 



^(t,X t )=V(0,X )+ I ^( S: X s )ds + f t ^(s,X s )f(s,X s )ds 



o 



+J*^(s,X s )u s 5B H (s) + J 



^^(s,X s )u s BfX s ds. 



Remark 35 Smce u G Vt, we bora i/iaf it is adapted. Then, due to the definition ofU>^ 
(see (3\)), we have 



X s = J cf>(s - r) (J D r f(9, ri(9))de\ dr + J (J 0(« - r)A-Mrj <55"(0) 
i>(s — r)ugd6 

4>{a - r) D r f(8, q(6))de\ dr + J <j)(s - r) (J D r u e 5B H (6)) dr 



+ / 4>(s — r)uod6. 



o 
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Proof of Theorem 1341 We follow the similar discussion as in the proof of Theorem 8 \3\. 
Here, we only give the sketch of the proof. 

First we mention that since u G Vt, we have E\u s \ 2 + E\D^u s \ 2 + E\D^D^ 2 u s \ 2 < C, for 



all s,t,t\,T2, where C is a suitable constant. 

Similar to the discussion as in the proof of Theorem 8 [3], we can assume that ip, 

dtp d 2 ip it 

— — , — — - are bounded. Set ti = — , < i < n. Then 

ox ox z n 



dtp 



n-l 



i>(t, x t ) - v(o, x ) = E bPiU+i, x u+1 x u+1 ) + tp(u, x u+1 )-ip(ti, x u )} 

i=0 



n-l 

E 

8=0 



n-l 

E 

i=0 



—iP(U,X t . +1 )(t i+1 - U) + — ^{ti,X ti )(X ti+1 - X ti ) 



1 "-I 

+ 2S^ i,Iti)(Iti+1_Iti)2 



9 - 9 

— ip(U,X ti+1 )(ti + i -k) + —ip{ti,X u 



U+i 



f(s,rj(s))ds 



n-l 







i=0 



E q£KU,Xu) I u s 5B H (s) + - e ^(ti,^)(* ti+1 - 



2 5x 2 



where U £ [ti 3 *<+i] and denotes a random intermediate point between X^ and -X"t i+1 . 
Since 



§- x m,x u 



U+i 



u s SB H (s) 



" 1 ^KU,X U )u s 5B H {s) + (D H (^(U , X ti )), ul [iiiti+l] ) T , 



3 

(for (-,-)t) see H). Observe that from our assumption, —tp(ti, X t )u £ D 1,2 (\H\) and all 

ax 

the terms in the above inequality are square integrable. Moreover, 



(D H (—tP(t u X u )),ul u , u+1 ) T = (—^ ti ,X ti ) I D H f(6,r ] (e))de,ul [UiU+l] ) T 



o 







+^^XtM[^ u H^])T + (^(U,X U ) 1^ D"ue6B H (0),ul [ti>ti+l] ) T . 



dx 



Now we use the following several steps to proof our theorem. 
Step 1 The term 



2^ dx 

i=0 



converges to in J 7 , P) as n — >■ oo. In fact, 



1 n-l Q 2 

2? n tf #i,ll ' )(Il ' +1 " Il ' )2 



i=0 
n-l 

< E 

8=0 



a 2 

^Tp(ti,X t .) 



n-l 



U+1 f(8,v(0))ds) + E 

^ / i=0 



d 2 



u e 5B H {9) 
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Then our result holds because of Proposition 7 [3] as well as 

n-l / \ 2 



i=0 v " tl 

Step 2 The term 

n-l 



/ f'ti+l \ t f 

EV /' f(e,r}(e))ds) <- E\f {9, r](9))\ 2 ds ^0, as oo. 



d f d 

y~] -^tp(ti,X ti+1 )(t i+1 - tj) ->• y — ^(s,JT s )ds, in L 1 ^, J 7 , P) as n -)■ oo, 

9-0 



by the dominate convergence theorem and the continuity of 
Step 3 The term 



dt' 



^ d 



/ —tjj(s,X s )f(s,rj(s))ds, in L 1 (Q, J 7 , P) as n — > oo, 
Jo ^ x 



by the dominate convergence theorem and the continuity of 
Step 4 The term 



dip 
dx ' 



%^^ X ^I^ DH ^ 9 ^ v(P))dO, ul [ti;ti+l] ) T 

t ^{s,X s )u s ( f T <P(s-r) ( [ S D r f(9,ri(9yuW j ,■/,• j ,h 



o 



in T, P) as n — > oo. Indeed 



</ ^/(M(0)VM1m <+i] >t 



o 



o Jt 



Df?f(9,ri(0))M)u8<l>(s-iJ,)dsdn. 



Then 



E 



i-l ^2 

£(_^,X ti ) / D H f(9,r ] (9))d9,ul [u , u+l] ) T 



i=0 



-J*^( s ,X s )u s ~ r) n S D?f(9,ri(0))do) dr\ ds 



E 



n-l fti+i ffi 

E / 

i=0 Jti 



dx ^(ti,X k )u s 



<t>{s-n)( / D"f(9, V (9))d9)d f i)d S 



1 rU+i Ql 
dx 2 



-E 

i=0 Jii 

0, as n — > oo 



^(s,X s K / <Ks-r) / Dff{e } r 1 {9))de)dr)ds 
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d 2 ip 

by the dominate convergence theorem and the continuity of -7— ft. Observing that 

ox 

rU+i Q"i 



n-l 

E 

i=0 



dx 



2 1>(U,X u )u a / / DXf(e, V (9))d0)dfi)ds 



< M \u 



(J (f>(s-r)U \D?f(eM8))\M\dr)ds 



and 



E 



[Us 



s-r)( \D?f(6,r)(6))\de)dr)ds 



< 00 



Step 5 Analogously to the Step 4, we get 
n-l $2 

E (■frail>(U,Xt i )ul[o tti] , ul [tiiti+l] ) T 

in J 7 , P) as n — > 00. 

Step 6 The term 

- 1 . d 2 



J §^^( s,Xs " >Us (/ u e4>{s ~ 0)d9 S j ds, 



E (o^.^) / ^^ H (0),nl [ti!ti+l] ) T 

i=0 ax JO 



-> ^ ^4>(s,X s )u s (J 4>{s - r) D?u 6B H (9)j dr^j ds 

in L 1 (r2,J 7 , P), as n — )• 00. Indeed, we can adapt the discussion of step 3 in the proof of 
Theorem 8 (3j, by using E\u s \ 2 +E\D^u s \ 2 +E\D^D^ 2 u s \ 2 < C, for all s,t,ti,t 2 , where C 



is a suitable constant. 
Step 7 The term 

n-l 



^— ^U,X ti )ul [t . jti+l] ^— </>(•, X.)u. \nL\^F,P-\U\ 



i=0 



In fact 



E 



n-l ^ Q 

E-mx ti )ui [ti , ti+l] --^.,x.) u . 



i=o dx 

n— In— 1 fti+i ftj+l 

EE E / / 

i=0 j=Q Jti Jtj 



\H\ 



—iP( ti ,X k )-—^(s,X s 



d d 
—ip(U,X ti ) - -^ip(r,X r ) ) u r 



4>(s — r)dsdr, 



dip 

which converges to by the dominated convergence theorem and the continuity of — — . Note 

ox 

dip d 2 ip dip 
that for u G Vt and -7—, — — - bounded, we have — — u £ B 1,2 (|%|) C Dom(5). Consequently, 
Ox ox 2 Ox 

for F 6 Vt, we have 



lim E 

n— >oo 



i=0 Jti 



= E 






. Jo 



<9x 
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n-i ru+i g 

On the other hand, from steps 1-6, we know that V / —ip(ti, Xt.)u s 8B H (s) converges 

i=o Jti dx 

in L l (n, T,P) to 

Pt O f'f, r\ 

^(t,X t )-V(0,X o ) + j ^(s,X B )ds + j^—iP(s,X s )f{s,X s )ds 

+ H(2H-l)J^^(s,X s )u s Qj s " r l 2/ ^ 2 ^D r f(e, V (e))de^ dr^j ds 
+H(2H-l)J^^(s,X s )u s (^£\s-r\ 2H - 2 (£ ' D T u e 5B H \9)\ dr^j ds 
+H(2H - Xs)u s (f^els - 9\ 2H - 2 d9^j ds, 



as n — > oo, which allows to complete the proof. ■ 
In particular, we have the following corollary. 

Corollary 36 Let f : [0, T] — > R and g : [0, T] — )■ R 6e deterministic continuous functions. 
If 

X t = X + [ g s ds + / f a 5B H (s), t G [0,T], 
and V G C 1,2 ([0,r] x R), then we have 

ft a pt O 

i/.(f,X t ) = V>(0,X ) + J ^{e,X,)da + f-^i>(s,X,)dX, 

Proof. Since /, g are deterministic function, they satisfy the condition of Theorem I34i Then 
from (|67p and Remark 1351 we have 

pt a pt C\ 

il>(t,X t )=i/>(0,Xo) + j —il>{s,X a )ds + J^—^(s,X s )dX s 



On the other hand 

*){u - v)f u f v dudv = 2f s / 4>(u - s)f u du, 




^0 



(is (is. 
which completes our proof. ■ 

Lemma 37 IfY£ V% and ^ is a Lipschitz function, then ip(Y) G V^. 
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Proof. We remark first that, since Y 6 Vy, there exists a sequence {Y n ) n C Vt such that 

r T 

lim / t 2a - 1 E\Y n (t)-Y(t)\ 2 dt = 0. 

n-S-oo J Q 

\x) = / tp(x — Su)p(u)du, 

JR 



Let us set 

vp s (x) = I ip(x — Su)p(u)du, x G 



1 _y?_ 

where 5 > and = e 2 ; ael. We know that 

V27T 



-ip(x)\ < f\tp(x - 5u) - i/j(x)\p(u)du < K5\u\p{u)du < 
Jr 1 JR 



where K is a Lipschitz constant of ip. 
Now we have 



f T t 2a - i n^{Y n {t))-^(Y{t))\ 2 dt 

Jo 

< 2 f t 2a -^ 5 {Y n {t)) -^(Y n (t))\ 2 dt + 2 ! t 2 -^{Y n (t)) -i;(Y(t))\ 2 dt 

Jo Jo 

< - F M 2 5 2 t 2a ~ 1 dt + 2M 2 F t 2a - l E\Y n {t) - Y(t)\ 2 dt. 
nJo Jo 

Consequently, 

f t 2Q - 1 E|V 5 (y ri (t)) - ^{Y{t))\ 2 dt -> 0, for n -> 00, 5 -»• 0, 
■/ 

and the proof is completed by showing that ^ 5 (Y n ) G Vt, for all n and 5 > 0. 
First it is obvious that G C°° and 

\ijj s (x) - ip 5 {y)\ < / \i/>(x - Su) - ip(y - 5u)\p{u)du < K\x - y\, 
Jr 



which implies that 



ax 



< K. 



d 2 d 3 

Moreover, a straight-forward computation shows that the derivatives — ^ip s (x) and — ^i/) S (x) 

dx 2 dx 6 

have polynomial growth. Recalling that Y n belongs to Vt , we complete the proof. ■ 
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